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SECOND ORDER TIME DISCONTINUOUS GALERKIN METHOD
FOR NONLINEAR CONVECTION-DIFFUSION PROBLEMS*

MILOSLAV VLASAK t

Abstract. We deal with a numerical solution of a scalar nonstationary convection-diffusion equa-
tion with a nonlinear convection and a linear diffusion. We carry out the space semi-discretization
with the aid of the nonsymmetric interior penalty Galerkin (NIPG) method and the time discretiza-
tion by the time discontinuous Galerkin method linearized by extrapolation from previous time
interval. The resulting scheme is unconditionally stable, has a high order of accuracy with respect
to space and time coordinates and requires only solutions of linear algebraic problems at each time
step. We derive a priori error estimate in the L2-norm.
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1. Introduction. We numerically solve a nonstationary nonlinear convection-
diffusion equation, which represents a model problem for the system of the com-
pressible Navier-Stokes equations. The class of discontinuous Galerkin (DG) methods
seems to be one of the most promising candidates to construct high order accurate
schemes for solving convection-diffusion problems. For a survey about DG methods,
see [1] or [3]. An analysis of DG methods was presented in many papers, see, e.g. [6],
8], [11], [10].

In [8] we carried out the space semi-discretization of the scalar convection-diffusion
equation with the aid of the discontinuous Galerkin finite element method and derived
a priori error estimates. Within this contribution, we deal with the time discretization
of the resulting system of ordinary differential equations. In contrary to [9], where
we used the so-called backward difference formulae (BDF) approach, here we employ
the time discontinuous Galerkin method, see [15]. Since this scheme is implicit and
we would like to avoid solving strongly nonlinear problem at each time level, we
recomend linearization in a similar way as it was done before for BDF in [9]. We
present a formulation of the arbitrary order linearized time discontinuous Galerkin
scheme and derive a priori error estimate for the second order scheme.

2. Continuous problem. Let Q C R? (d = 2 or 3) be a bounded polyhedral
domain and T > 0. We set Qr = Q x (0,T). By Q and 99 we denote the closure
and boundary of €2, respectively. Let us consider the following initial-boundary value
problem: Find u : Q7 — R such that

o -
(1) a—::—l—v-f(u):Au—i—g in Qr,
(2) u ‘an(o,T) = Up,
(3) u(z,0) =u’(z), z¢€q.

In (1) = @3), = (fi.-... Ja), fs € C*(R), [(0) = 0, s = 1,....d repre-
sents convective terms, g € C([0,7]; L*(2)) represents volume sources. The Dirich-
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let boundary condition is given over 0f2 by up, which is the trace of some u* €
C([0,T); HY(Q)) N L>®(Q7) and u° € L*(Q) is an initial condition. We use the stan-
dard notation for Lebesgue, Sobolev and Bochner function spaces (see, e.g. [12]).

In order to introduce the concept of a weak solution, we define

(u,w):/uwdac, u, w € L*(Q),

)

a(u,w):/Vu-de:E, u, w € HY(Q),
Q

b(u,w):/v-f(u)wdx, u€ HY(Q)NL>®(Q), we L*(Q),
Q

DEFINITION 2.1. We say that a function u is a weak solution of (1) (3) if the
following conditions are satisfied

(4) a) uw—u*€L?0,T;Hj(Q), wueL®Qr),
b) %(u(t),ﬂﬂ +b(u(t), w) + a(u(t), w) = (g(t), w)
for all w € Hy(Q) in the sense of distributions on (0,T),

¢) u(0)=u’ inQ.

By u(t) we denote the function on Q such that u(t)(x) = u(x,t), z € Q.

With the aid of techniques from [13] and [14], it is possible to prove that there
exists a unique weak solution. We shall assume that the weak solution u is sufficiently
regular, namely,

(5) u € WHe(0,T; HPTH(Q)) n W(0,T; H (Q)),

an integer p > 1 will denote a given degree of polynomial approximations. Such a
solution satisfies problem (1) — (3) pointwise.

3. Space semi-discretization. We discretize problem (4) in space with the aid
of the discontinuous Galerkin finite element method with nonsymmetric treatment of
stabilization terms and interior and boundary penalties. This approach is called the
NIPG variant of the DGFE method, see [1]. We derived the space discretization of
(1) = (3) by the NIPG variant of DGFE method in [8] hence here we present only the
final expressions.

3.1. Triangulation. Let 75 (h > 0) be a partition of the domain £ into a finite
number of closed d-dimensional mutually disjoint simplices K i.e., Q = J rxet, K-
By 0K we denote the boundary of element K € 7}, and set hxg = diam(K), h =
maxgeT, hix. We set T’ the faces of 7, (I = UKeTh 0K). By px we denote the
radius of the largest d-dimensional ball inscribed into K and by |K| we denote the
d-dimensional Lebesgue measure of K.

Furthermore, we use the following notation: m = (nq,...,n4) — a normal vector
to I' which is well defined almost everywhere (on 92 we use outer normal, inside of
) we use one (arbitrary but fixed) direction at every point of T').

3.2. Broken Sobolev spaces. We define the so-called broken Sobolev space in
the following way

(6) H°(Q, 7)) ={w;w|xk € H¥(K)VK € T,}



278 M. VLASAK

and define there the norm
1/2

(7) lwll s 0,77,y = < Z |w||?qs(K)>

KeT,
and the seminorm

1/2

(8) (Wl (@7 = < Z |w|§{5(K)> :

KeT,

For w € H*(Q,7T3,), we introduce the following notation on I'\ 9

(9) wr(z) = 62151+w($ +dn)
wr(z) = Li%l, w(z + on)
(1) = 5 (e + ),

[w] = wp, —wg

and on 02 we put

(10) wr,(x) = 61351_ w(z + on)
<w> = wr,
[w] = wr

3.3. Space discretization. For u,w € H%(Q,7;) we set

(11)  Ap(u,w) = Z /K Vu-Vwdz — /F(<Vu) -nfw] — (Vw) n[u]) ds

KeTy,
+/U[u] ] dS
r
(12) bp(u, w) = H(up,ug,n) [w]dS + H(up,up,n)wrdS
\oQ o9
-y / flw) - Vwdz, u,weH'(0,T), uwe L™(Q)
KeT, 'K

(13)  lp(w) (t) = (g(t),w) — /ag (Vw - nup(t) — oup(t) w) dS.

The penalty parameter function o in (11) and (13) along the face e C I' is defined
by ole = 1/(hx + hj), e = KN K. The function H(-,-,-) in the face integrals in
(12) is called the numerical fluz, well-known from the finite volume method and it

approximates the terms f(u) - n. Now we define the space of discontinuous piecewise
polynomial functions

(14) Sy = SP Y QT = {w;w|x € Py(K) VK €T},

where P,(K) denotes the space of all polynomials on K of degree < p, where the
integer p > 1 is a given degree of approximation.
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We find that the exact solution of (4) with property (5) satisfies the identity

ou
(15) (G 0n ) + A0 )+ (a0 ) = ) )
for all wy, € Sy, and all ¢ € (0,7T).

The (semi)-discrete problem (15) represents a system of ordinary differential equa-
tions (ODEs) which is solved by a suitable solver in the next section.

4. Time discretization. Since problem (15) is stiff, it is necessary to solve it
with a method having a large stability domain. In [9] we employ the well known back-
ward difference formulae (BDF). Within this contribution, we present a new approach
based on the time discontinuous Galerkin method. Since this method is implicit, we
introduce linearization from previous time interval in such a way that linear part of
the problem is treated implicitly and the nonlinear one explicitly. Therefore, the re-
sulting semi-implicit scheme leads to a highly stable method which requires only a
solution of the linear algebraic problem at each time step.

We consider a partition 0 = ¢y < t; < ... < t, = T consisting of time intervals
L = (tm-1,tm], m =1,...,7 of the length |I,,| = 7, and 7 = max,,—1_ +Tm. We
set the space—time fully discrete space

.....

q
(16) Snr={w e L*(Qr) : wlr,, =Y 2, 25 € S}
s=0

For simplicity we set

(17) wi = 51_1>%1iw(tm +9),
(18) {w}m =wl —w™.

To avoid the nonlinearity in our problem we define w|;,, as prolongation of w from
previous time interval I,,,_1, it means there exists z € Py(I,—1 U I, ) such that

(19) 2 =wlp, (), VtE In_i,
@l (1) = 2(t), Ve L.

Now we are able to define fully discrete solution U € S}, .
DEFINITION 4.1. We define the approximate solution of problem from Definition
(2.1) a)-c) as functions U € Sy, - satisfying the conditions

a)/I (U’,w)—i—Ah(U,w)—i—bh(U,w)dt—i—({U}m_l,wT_l):/I O (w)dt
(20)

Vwe Sy, m=2,...,r,
b)(U°,w) = (u’,w) Ywe Sy

We should remark on some strange character of this scheme. This scheme is one—
step method as it is usual for time discontinuous Galerkin, but on the other hand we
need to use the information from the whole previous time interval for construction of
the prolongation, so this method is not self-started.
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5. Error estimates. Our goal is to analyse the error estimates of the approxi-
mate solution U obtained by the method (20) for the piecewise linear approximation
in time (¢ = 1). In the next we set

(21) lwll* = An(w, w) Yw € H*(Q, T,).
5.1. Parabolic projection. For the next purpose we need projection

T LQ(QT) - Sh,'r

well known for the time discontinuous Galerkin. This projection satisfies

(22) / (mv — v, w)dt = 0 Yw e Sy, j=0,...,q—1,
I,

mo™ = ITv™,

where II be the standard L?(2) — S}, orthogonal projection. About the projection 7
it is possible to prove following estimates
LEMMA 5.1. Let w € WatLo0(1,, Sy, then
(23) ||w(t) — ﬁw(t)HLz(Q) < CTg:rl, vVt € Iy,
w(t) = mw)ll < CTEH, Vi € I,
where C' depends on time derivatives of w.
Proof. The lemma can be prooved by standard scaling argument. O
Since we have simplicial mesh we obtain standard estimates for projection II
under sufficient regularity of function w
(24) |w — Tw| z2(q) < CRPT!
lw —Twl]| < CR?,
we can estimate projection error of arbitrary function w € W4th>°([,, HY(Q)) N
Wl’oo(lma HP+1(Q)) by
(25) lw(t) — mw(t)|| r20) < C(hPT 721 Yt e I,
lw(t) — Tw®)|| < C(h? +1E), Vit € I,,.
5.2. Extrapolation. We set W as extrapolation from previous time interval. For
q =1 we get
t— tm—l

t—tm—
Lyt Ly e,
Tm—1 Tm—1

(26) w(t) = (1+

As standard result from interpolation theory with additional assumption

Tm

(27) <C

Tm—1
and under sufficient regularity w € W2°°(0,T, H'(Q2)) we get
(28) ||wqu)||L2(Q) S 07'2,

lw — @l < C7?,

where constant C' depends on time derivatives of w. This can be prooved by standard
scaling argument.
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5.3. Properties of the forms A, and b,. Here we want to summarize the
properties of the forms Ay and by,.
LEMMA 5.2. Let u € W1>°(0,T, HP*1(Q)). Then it holds that
|Ap(u(t) — Tu(t), w)] < ChP||w| Yw € Sh,
[Ap (v, w)| < Cllof lw]| Vv, w € Sp.
|An(u(t) — mu(t),w)| < C(WP + 77 Jw||  VYw € Sy,

Proof. The proof can be found in [8] in Lemma 9. O
LEMMA 5.3. Let u € WH(0, T, HPT1(Q)). Let the numerical fluzes H be Lip-
schitz continuous, conservative and consistent. Then it holds that

b (v, w) = b1 (8, w)| < C(|lv =0 L2(0) + v = 3ll) Jwll Vv, € L*(Q), w € Sy,
b (w, w) — by, (Tlu, w)| < CAPTHw| VYw € Sy,

|br (v, w) = bp (0, w)| < Cllv = 0| g2 Jwl|  Yv,9,w € Sp,

b (u, w) — by (1, w)| < CT%w||  w € Sh.

Proof. The proof can be found in [8] in Lemma 5 and Lemma 6. O

5.4. Main result. In the sequel we use the notation U —u =U —wu+7mu—u =
£+

THEOREM 5.4. Let u be the exact solution of problem (4) satisfying (5). Let the
mesh be regular (hi/px < C), assumption (27) be satisfied and the numerical fluzes
H be Lipschitz continuous, conservative and consistent. Let U be the approximate

solution defined by (20). Then

(200 max [[UZ —u(ts)|* < OB + 7" + el [[F20) + 21 720))e”™

.....

Proof. Since U? —u(ts) = £ +n®, in virtue of (25), it is only sufficient to estimate
€2 ]]. Let us integrate (4) over I, and substract this equation from (20). Then we
have

[ €+ g unar+ (ehnrwr ™ = ([ @i+ (hr,o )

I’VTL m
(30) f/ Ap(n, w)dt Jr/ b (u, w) — bh(U,w)dt w € Shr.
I’VTL I’VTL
Now let us have a look at all the parts of (30).
(1) | G wde s (o

m

= ™) = 7w = [ e+ (e

= () = ) = [y
I
Using properties (22) of m we obtain

(32) (™, w™) — (" wP ) — /1 (n,w")dt = 0.
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Estimating linear form Aj using Lemma 5.2 we obtain
1
(33) _/ Ap(n,w)dt < Z/ |||w|||2dt+TmC(h2p +T4).
Im I

Now we should estimate nonlinear form by,.

|bh(uvv) - bh(va)| < |bh(u’ﬂ w) - bh(?a w)|
(34) +bp (4, w) — bp, (0, w)| + |bp (I, w) — by (U, w)|

We estimate the individual terms using Lemma 5.3.
[bn(u, w) — by (@, w)| < C7° |l
(35) [br (@, w) — by (Ila, w)| < CHP* wl]
|bn (T, w) = by (U, w)| < C|[a = Ul 20 [lwl]
With the aid of the definition of extrapolation of @ and U we get
(36)  |Ma—Ullr2o)

t—tym_ - -
= <1+771) ([u™ ' —um—t) —

m—1

t—tm—1 m— m—
Til(ﬂu 27U+ 2)||L2(Q)

t—1th_1 _ _
%HHUm U |2

n—

t*tnfl m—
< (1+—) 1™ sy +
Tn—1

We estimate last norm by (24) and (25)

(37)  Hu™2 = UP 2| 2o
<™ — ™2 gy + 0™ = wulf 2| L2 o) + [ruf ™
< CRPHE 4+ O 4+ 72) + (€872 120
SO+ 1) + € m—all2@) + €72l L2 (-

U ey

When we use assumption (27), we could complete estimate for form by,

N 1
(35) /1 b, w) — b (0, )t < /1 Joldt + T C(h%+ 4 74)
+7mC(IE7 T2 () + € m—2ll72(q) + 1€7 217 2(q))-

When we apply w = 2¢ to the left-hand side of (30), we obtain

(39) / 2¢',€) + 20EN%dt + 2({€}m, E7Y)

Im

= €122 () = €7 2y + 201ET ™ 122 () — 20677, T71)+2/I i€l dt

= €722 () — 1€7 I 2@ + {E m-1ll72) +2/I €.
If we apply all these estimates with w = 2£ together we gain

(40) 1€ 172 () — 1€7 M 72() + I{E m—1l172(0)
< Tmq(h, 1) + T C(1E7 200y + [{E}m—2llZ2() + 1€2 117 2(0));
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where g(h,7) = O(h* + 7). Summing over m = 2,...,k < r and using (27), we gain

(41) I1€5 11720y = €L 17 20) + I{E R-1117 200
k1
< Tq(h, 1) + €'Y most (€2 1320 + IHE =132y + 1€ 32y
! k—1
< Tq(h,7) + 12ClIE° T2y + C D (o1 + Tag2) 165 1720y + Tosrl{€ s-1ll720
s=1 -
<Tq(h,7) + T2C||§O_H%2(Q) + CZTs+1||§S_||2L2(Q) + Ts+1||{§}s71|\%2(9)-
s=1

Applying Gronwall’s lemma we obtain

k
(42) €8 12y + 1{ED-1 13200y < (CIEL By + IEL I3y + Ta) TT(1 + 70

s=2

< (CIE N30 + I 1320y + Ta) €7,

which proves our theorem. 0O
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