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A TOPOLOGICAL REPRESENTATION

OF POLARITY LATTICES

G. HARTUNG, M. KAMARA and C. SĂCĂREA

1. Introduction

In [Ha92] a representation of bounded lattices within so called topological con-

texts has been developed, representation which gives rise to a duality between

the category of bounded lattices with onto homomorphisms and the category

of standard topological contexts with the so-called standard embeddings. This

representation includes Stone’s representation theorem of Boolean algebras by to-

tally disconnected compact spaces [St37], Priestley’s representation of distributive

0-1-lattices by totally order-disconnected spaces [Pr70] as well as Urquhart’s rep-

resentation of arbitrary lattices by so-called L-spaces [Ur78].

This duality was extended in [Ha93] to arbitrary 0-1-lattice homomorphisms

while the appropriate morphisms in the category of standard topological contexts

were defined using the idea of multivalued functions [HW81].

In the present paper we consider bounded lattices with an additional unary

operation called polarity, generalizing orthocomplementation, and we give a repre-

sentation by standard topological contexts where the polarity operation is captured

in a convenient matter.

We characterize the congruence lattice of a polarity lattice within its standard

topological polarity context, obtaining in a diferent way the well known result that

the congruence lattice of a polarity lattice is distributive. As another application,

we prove Varlet’s conjecture, that a distributive polarity lattice has a Boolean

congruence lattice if and only if the given polarity lattice is finite.

Further we prove that in the polarity case, the representation of polarity lattices

by polarity contexts captures the representation given by Urquhart in [Ur79].

We extend then the duality to arbitrary 0-1 polarity lattice homomorphisms

recapturing the polarity operation within the standard topological context as a

multivalued polarity pair.
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2. Preliminaries

A polarity lattice is a pair (L, p) where L is a bounded lattice and p is a unary

operation on L satisfying

(1) p2 = id;

(2) p(x ∨ y) = p(x) ∧ p(y);

(3) p(x ∧ y) = p(x) ∨ p(y), for all x, y ∈ L.

We call a map φ : (L, p)→ (M, q) between polarity lattices a polarity homo-

morphism if φ is a 0-1-lattice homomorphism which in addition fulfills

φ(p(x)) = q(φ(x)).

We briefly sketch the duality between bounded lattices and standard topological

contexts developed in [Ha92]. This approach is based on the theory of Formal

Concept Analysis. We recall some definitions and basic facts, for other definitions

and results we refer to [GW96].

By (X, τ) we denote a topological space, where X is the underlying set and

T is the family of all closed sets of that space. We start with a triple KT :=

((G, ρ), (M,σ), I) consisting of two topological spaces (G, ρ), (M,σ) and a binary

relation I ⊆ G×M .

For A ⊆ G and B ⊆M we define two derivations by

A′ := {m ∈M | gIm for all g ∈ A}

B′ := {g ∈ G | gIm for all m ∈ B}.

These form a Galois-connection which gives rise to a complete lattice

B(KT ) := {(A,B) | A ⊆ G, B ⊆M, A′ = B, B′ = A}

which is known as the concept lattice of the context KT . The elements of

B(KT ) are called (formal) concepts. If (A,B) is a concept of KT , the sets A and

B are called the extent and the intent of the concept (A,B). For two concepts

the relation subconcept-superconcept is given by

(A,B) ≤ (C,D)⇔ A ⊆ B (⇔ B ⊇ B).

A closed concept is a concept consisting in each component of a closed set with

respect to the corresponding topology. The set of all closed concepts is denoted

by

BT (KT ) := {(A,B) ∈ B(KT ) | A ∈ ρ and B ∈ σ}.

The triple KT :=((G, ρ), (M,σ), I) is called a topological context if the fol-

lowing two conditions are satisfied:

(i) A ∈ ρ⇒ A′′ ∈ ρ;B ∈ σ ⇒ B′′ ∈ σ.

(ii) Sρ := {A ⊆ G | (A,A′) ∈ BT (KT )} is a subbasis of ρ and Sσ :=

{B ⊆M | (B,B′) ∈ BT (KT )} is a subbasis of σ.
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Under these assumptions, BT (KT ) with the induced order is a 0-1-lattice in

which infima and suprema can be described as follows

(A1, B1) ∧ (A2, B2) = (A1 ∩A2, (B1 ∪B2)′′);

(A1, B1) ∨ (A2, B2) = ((A1 ∪A2)′′, B1 ∩B2).

For each g ∈ G, the concept γg := (g′′, g′) is called the object concept of G

and for each m ∈M the concept µm := (m′,m′′) is called the attribute concept

of m. We call a context clarified if g, h ∈ G with g′ = h′ implies g = h and

m,n ∈ M with m′ = n′ implies m = n. A clarified context is called reduced

if each object concept is completely join-irreducible and each attribute concept is

completely meet-irreducible. For each context K := (G,M, I), g ∈ G and m ∈ M
we define:

g ↙ m⇔ g\Im and (g′ ⊂ h′ ⇒ m ∈ h′);

g ↗ m⇔ g\Im and (m′ ⊂ n′ ⇒ g ∈ n′);

g ↙↗ m⇔ g ↙ m and g ↗ m.

We call two contexts K1 and K2 isomorphic if there are bijective maps

α : G1 → G2 and β : M1 → M2 such that for all g ∈ G1 and m ∈ M1 the fol-

lowing condition is fulfilled:

gI1m⇔ α(g)I2β(m).

If (L,≤) is a lattice we shall denote by Lδ the dual of this lattice, i.e., the

lattice (L,≥). If K := (G,M, I) is a context, by Kd we mean the context obtained

by permuting G and M and having as incidence the inverse of I, namely Kd :=

(M,G, I−1).

For each H ⊆ G and N ⊆ M , the context (H,N, I ∩ (H × N)) is called a

subcontext of K. This subcontext is compatible if (A,B) ∈ B(K) implies

(A ∩H,B ∩N) ∈ B(H,N, I ∩ (H ×N)).

Proposition 1. A subcontext (H,N, I ∩ (H × N)) of K is compatible if and

only if

ΠH,N : B(K)→ B(H,N, I ∩ (H ×N)) with (A,B) 7→ (A ∩H,B ∩N)

is a surjective complete lattice homomorphism.

A subcontext (H,N, I∩(H×N)) of a purified context K is called arrow-closed

if for h ∈ H the relation h↙ m implies m ∈ N and for n ∈ N the relation g ↗ n

implies g ∈ H.
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A topological context is called a standard topological context if in addition

the following hold:

(R) KT is reduced;

(S) gIm⇒ ∃(A,B) ∈ BT (KT ) with g ∈ A and m ∈ B;

(Q) (Ic, (ρ×σ)|Ic) is a quasicompact space where Ic := (G×M)\I and ρ× σ
denotes the product topology on G×M .

Let now L be a 0-1-lattice. A nonempty lattice filter F of L is called a

I-maximal filter [Ur78] if there exists a nonempty lattice ideal I of L such

that F ∩ I = ∅ and every proper superfilter F̃ ⊃ F already contains an element

of I. We denote the set of all I-maximal proper filters of L by F0(L). Dually the

set I0(L) of all F-maximal ideals is introduced. The dual space of L, called the

standard topological context of L is defined by

KT (L) := ((F0(L), ρ0), (I0(L), σ0),∆)

where F∆I : ⇔ F ∩ I 6= ∅ and the topologies ρ0 and σ0 are given by the subbasis

Sρ0 := {Fa | a ∈ L}; Fa := {F ∈ F0(L) | a ∈ F},

Sσ0 := {Ia | a ∈ L}; Ia := {I ∈ I0(L) | a ∈ I}.

KT (L) is the reduced context of all filters and ideals of L and it is a standard

topological context. The 0-1-lattice L is isomorphic to BT (KT (L)) via the iso-

morphism ιA : L→ BT (KT (L)); ιA(a) = (Fa, Ia).

Conversely, every standard topological context KT is isomorphic to KT (BT (KT ))

via the pair of homeomorphisms

ψKT : G→ F0(BT (KT )), g 7→ {(A,B) ∈ BT (KT ) | g ∈ A},

φKT : M → I0(BT (KT )), m 7→ {(A,B) ∈ BT (KT ) | m ∈ B}.

Let KT1 and KT2 be standard topological contexts. A pair of maps (α, β) with

α : G1 → G2 and β : M1 →M2 is called a context embedding of KT1 into KT2 if

the contexts KT1 and ((α(G1), ρ2|α(G1)), (β(M1), σ2|β(M1)), I2 ∩ (α(G1) × β(M1)))

are isomorphic as topological contexts with respect to (α, β).

If KT is a topological context, a subcontext ((H, ρ|H), N, σ|N ), I ∩H ×N)) is

called weakly compatible if

(A,B) ∈ BT (KT )⇒ (A ∩H,B ∩N) ∈ B(H,N, I ∩ (H ×N)).

A context embedding (α, β) between two standard topological contexts KT1 and

KT2 is called a standard embedding of KT1 into KT2 if the following conditions

are satisfied:

(a) ((α(G1), ρ2|α(G1)), (β(M1), σ2|β(M1)), I2 ∩ (α(G1) × β(M1))) is a weakly

compatible subcontext of KT2 ;

(b) For (A,B) ∈ BT (KT1 ) there exists (C,D) ∈ BT (KT2 ) such that

(α(A), β(B)) = ((C ∩ α(G1)), (D ∩ β(M1))).



A TOPOLOGICAL REPRESENTATION OF POLARITY LATTICES 53

We briefly sketch the extended duality developed in [Ha93]. Since preimages

of I-maximal filters (resp. ideals) are not maximal again, we have to define appro-

priate morphisms between standard topological contexts to improve a categorical

dual equivalence between the category of bounded lattices and the category of

standard topological contexts.

A multivalued function F : X → Y from a set X to a set Y is a binary relation

F ⊆ X × Y such that prX(F ) = X, where prX denotes the projection onto X.

For A ⊆ X and B ⊆ Y we define

FA := prY (F ∩ (A× Y )) = {y ∈ Y | (a, y) ∈ F for some a ∈ A};

F−1B := prX(F ∩ (X ×B)) = {x ∈ X | (x, b) ∈ F for some b ∈ B};

F [−1]B := {x ∈ X | Fx ⊆ B}.

Note that FA =
⋃
a∈A Fa and F−1B =

⋃
b∈B F

−1b. If F : X → Y and G : Y → Z

are multivalued functions their relational product

G ◦ F :=
{

(x, z) ∈ X × Z | (x, y) ∈ F and (y, z) ∈ G for some y ∈ Y
}

is a multivalued function from X to Z.

We shall call a multivalued standard morphism from KT1 to KT2 a pair

(R,S) : KT1 → KT2 , where KT1 and KT2 are standard topological contexts, R is a

multivalued function from G1 to G2 and S is a multivalued function from M1 to

M2 satisfying the following conditions:

(i) (R[−1]A,S[−1]B) ∈ BT (KT1 ) for every (A,B) ∈ BT (KT2 );

(ii) Rg = Rg′′ = Rg for every g ∈ G1 and Sm = Sm′′ = Sm for every

m ∈M1.

Every multivalued standard morphism induces a 0-1-lattice homomorphism and

viceversa. In order to make this assignment functorial we have to modify the rela-

tional composition of multivalued standard morphisms, since the relational com-

position of two multivalued standard morphisms is not necessarily a multivalued

standard morphism.

Let (R1, S1) : KT1 → KT2 and (R2, S2) : KT2 → KT3 be multivalued standard

morphisms between standard topological contexts. We define

(R2, S2)� (R1, S1) := (R2�R1, S2�S1)

where

(R2�R1)g1 := ((R2 ◦R1)g1)′′ and (S2�S1)m1 := ((S2 ◦ S1)m1)′′

and ◦ denotes the relational product, i.e.,

(R2 ◦R1)g1 := {g3 ∈ G3 | g3 ∈ R2g2 for some g2 ∈ R1g1} and dually

(S2 ◦ S1)g1 := {m3 ∈M3 | m3 ∈ S2m2 for some m2 ∈ S1m1}.

The class of all standard topological contexts together with the multivalued

standard morphisms with � as composition builds up a category which is dually

equivalent to the category of 0-1-lattices with 0-1-lattice homomorphisms.
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3. The Polarity Operation

For every standard topological context, we call a pair (α, β) of mappings α : G→
M,β : M → G a polarity pair if it satisfies the following conditions:

(i) α, β are homeomorphisms;

(ii) gIm⇔ β(m)Iα(g);

(iii) β ◦ α = idG, α ◦ β = idM .

Let (L, p) be a polarity lattice and let KT (L) be the standard topological context

of L. Then the polarity p is captured in KT (L) as a pair of mappings (αp, βp)

defined by

αp : F0(L)→ I0(L), F 7→ p(F ),

βp : I0(L)→ F0(L), I 7→ p(I).

Proposition 2. For every polarity lattice (L, p), the pair of mappings (αp, βp)

as defined above, is a polarity pair.

Proof. By the duality between 0-1-lattices and standard topological contexts,

since p can be viewed as an isomorphism between L and Lδ, (αp, βp) is the induced

standard embedding between KT (L) and KT d(L), which proves (i) and (ii).

(iii) is obvious since p2 = id. �
A standard topological context KT together with a polarity pair (α, β) is called

a standard topological polarity context and denoted by (KT , (α, β)). Every

such context establishes a polarity lattice.

Proposition 3. Let (KT , (α, β)) be a standard topological polarity context.

Then (BT (KT ), pαβ) is a polarity lattice where

pαβ : BT (KT )→ BT (KT ),

(A,B) 7→ (α−1(B), β−1(A)).

Proof. Since the polarity pair (α, β) acts as a standard embedding between KT

and KT d, pαβ is an isomorphism between BT (KT ) and BT (KT )δ and therefore

pαβ((A,B) ∨ (C,D)) = pαβ(A,B) ∨δ pαβ(C,D)

= pαβ(A,B) ∧ pαβ(C,D).

pαβ((A,B) ∧ (C,D)) = pαβ(A,B) ∧δ pαβ(C,D)

= pαβ(A,B) ∨ pαβ(C,D).

Moreover

pαβ(pαβ(A,B)) = (α−1(β−1(A)), β−1(α−1(B)))

= ((β ◦ α)−1(A), (α ◦ β)−1(B))

= (A,B). �
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Polarity lattices correspond to the standard polarity contexts, as the following

two propositions show.

Proposition 4. For every polarity lattice (L, p), the following diagram

L
ιA−−−−→ BT (KT (L))

p

y ypαpβp
L −−−−→

ιA
BT (KT (L))

commutes.

Proof. For every a ∈ L the following holds:

(pαpβp ◦ ιA)(a) = pαpβp(Fa, Ia)

= (α−1
p (Ia), β−1

p (Fa))

= (Fp(a), Ip(a))

= (ιA ◦ p)(a). �

Proposition 5. For every standard topological polarity context (KT , (α, β)),

the following diagram

KT
(ψKT ,φKT )
−−−−−−−→ KT (BT (KT ))

(α,β)

y y(αpαβ ,βpαβ )

KT d −−−−−−−→
(ψKT ,φKT )

KT d(BT (KT ))

commutes.

Proof. We have to prove the following relations:

αpαβ ◦ ψKT = φKT ◦ α,(1)

βpαβ ◦ φKT = ψKT ◦ β.(2)

Let g be an arbitrary object of the context KT , then

(αpαβ ◦ ψKT )(g) = pαβ
−1({(A,B) ∈ BT (KT )| g ∈ A})

= {(C,D) ∈ BT (KT )| g ∈ α−1(D)}

= {(C,D) ∈ BT (KT )| α(g) ∈ D}

= (φKT ◦ α)(g).

Analogous arguments yields the second equality. �
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4. Polarity Homomorphisms

The correspondence between polarity lattices and standard topological polarity

contexts can be extended to a dual equivalence between categories. As morphisms

between polarity lattices we restrict ourself to surjective polarity homomorphisms,

since the preimage of a I-maximal filter (resp. F -maximal ideal) is no longer I-

maximal if the 0-1-lattice homomorphism is not surjective.

So we are starting with a surjective polarity homomorphism

f : (L, p)→ (M, q).

By [Ha92, Prop. 3.1.5] the pair (αf , βf ) where

αf : F0(M)→ F0(L), F 7→ f−1(F ),

βf : I0(M)→ I0(L), I 7→ f−1(I)

is a standard embedding of KT (M) into KT (L).

We call a standard embedding (α, β) between two standard topological polarity

contexts (KT1 , (α1, β1)) and (KT2 , (α2, β2)) (where α : G1 → G2 and β : M1 →M2)

a standard polarity embedding if

(α2 ◦ α)(g) = (β ◦ α1)(g), for all g ∈ G1,(i)

(β2 ◦ β)(m) = (α ◦ β1)(m), for all m ∈M1.(ii)

Proposition 6. For every surjective polarity homomorphism

f : (L, p)→ (M, q)

the pair (αf , βf) defined as above is a standard polarity embedding.

Proof. We have to prove the following equations

(αp ◦ αf )(F ) = (βf ◦ αq)(F ), for all F ∈ F0(M),(i)

(βp ◦ βf )(I) = (αf ◦ βq)(I), for all I ∈ I0(M).(ii)

Let F ∈ F0(M), then

αp(αf (F )) = p−1(f−1(F )) = p(f−1(F )).

On the other hand βf (αq(F )) = f−1(q−1(F )) = f−1(q(F )).

Now

a ∈ p(f−1(F ))⇒ ∃x ∈ F : a ∈ p(f−1(x))

⇒ f(a) ∈ f(p(f−1(x))) = q(f(f−1(x)))

= q(x) ∈ q(F )⇒ a ∈ f−1(q(F )).
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Conversely,

a ∈ f−1(q(F ))⇒ ∃x ∈ F : f(a) = q(x)

⇒ f(p(a)) = q(f(a)) = q2(x) = x

⇒ p(a) ∈ f−1(x)

⇒ p2(a) ∈ p(f−1(x)) ⊆ p(f−1(F )).

Dually the second equation can be verified. �
Proposition 7. For every standard polarity embedding (α, β) between two stan-

dard topological contexts (KT1 , (α1, β1)) and (KT2 , (α2, β2)), the map

fαβ : BT (KT2 )→ BT (KT1 )

(A,B) 7→ (α−1(A), β−1(B))

is a surjective polarity homomorphism.

Proof. By [Ha92, Prop. 3.1.6], fαβ is a surjective homomorphism. Moreover,

(fαβ ◦ pα2β2)(A,B) = fαβ(α−1
2 (B), β−1

2 (A))

= ((α−1 ◦ α−1
2 )(B), (β−1 ◦ β−1

2 )(A))

= ((α2 ◦ α)−1(B), (β2 ◦ β)−1(A))

= ((β ◦ α1)−1(B), (α ◦ β1)−1(A))

= ((α−1
1 ◦ β−1)(B), (β−1

1 ◦ α−1)(A))

= pα1β1(α−1(A), β−1(B)) = (pα1β1 ◦ fαβ)(A,B). �

In order to establish a dual equivalence between the category of polarity lat-

tices with surjective polarity homomorphisms as morphisms and the category of

standard topological polarity contexts with standard polarity embeddings as mor-

phisms, we have to show the commutativity of two more diagrams.

Proposition 8. Let f : (L, p)→ (M, q) be a surjective polarity homomorphism.

Then f ∼= fαfβf , i.e., the following diagram commutes:

(L, p)
f

−−−−→ (M, q)

ιL

y yιM
(BT (KT (L)), pαpβp) −−−−→

fαfβf

(BT (KT (L)), pαqβq)

Proof. For a ∈ L we have

(ιM ◦ f)(a) = ιM (f(a)) = (Ff(a), If(a)),

(fαfβf ◦ ιL)(a) = fαfβf ((Fa, Ia)) = (α−1
f (Fa), β−1

f (Ia)).

Since α−1
f (Fa) = Ff(a) and β−1

f (Ia) = If(a), the relation f ∼= fαfβf is proved. �



58 G. HARTUNG, M. KAMARA and C. SĂCĂREA

Proposition 9. Let (α, β) : (KT1 , (α1, β1)) → (KT2 , (α2, β2)) be a standard po-

larity embedding between two standard polarity contexts. Then the following dia-

gram commutes:

(KT1 , (α1, β1))
(α,β)
−−−−→ (KT2 , (α2, β2))

(ψKT
1
, φKT

1
)

y y(ψKT
2
, φKT

2
)

(KT1 (BT (KT1 )), (αpα1β1
, βpα1β1

)) −−−−−−−−→
(αfαβ ,βfαβ )

(KT2 (BT (KT2 )), (αpα2β2
, βpα2β2

))

where (ψKT1 , φKT1 ) and (φKT2 , ψKT2 ) are context isomorphisms as defined in Sec-

tion 2.

Proof. We have to prove the following two relations:

ψKT2 ◦ α = αfαβ ◦ ψKT1 ,(i)

φKT2 ◦ β = βfαβ ◦ φKT2(ii)

We only show the first equality. The second is true by analogous arguments.

For g ∈ G1 we get

(ψKT2 ◦ α)(g) = ψKT2 (α(g))

= {(C,D) ∈ BT (KT2 ) | α(g) ∈ C},

(αfαβ ◦ ψKT1 )(g) = αfαβ ({(A,B) ∈ BT (KT1 ) | g ∈ A})

= f−1
αβ ({(A,B) ∈ BT (KT1 ) | g ∈ A})

= {(C,D) ∈ BT (KT2 ) | g ∈ α−1(C)}

= {(C,D) ∈ BT (KT2 ) | α(g) ∈ C}. �

Summarizing the precedent discussion we get the following Theorem.

Representation Theorem. The category of polarity lattices with surjective

polarity homomorphisms is dually equivalent to the category of standard topological

polarity contexts with standard polarity embeddings.

5. Congruences

Now we are ready to describe the congruence lattice of a polarity lattice (L, p)

within its standard topological polarity context (KT (L), (αp, βp)). As we have

seen in the previous section, the surjective polarity homomorphisms with domain

L and therefore the congruences of (L, p) correspond to special subcontexts of

KT (L). In the following, we are going to characterize these subcontexts. Fixing a

polarity lattice (L, p), each surjective polarity homomorphism f : (L, p)→ (M, q)

induces a subcontext of KT (L) which is defined by

Πf := ((Hf , ρ0|Hf ), (Nf , σ0|Nf ),∆f )

where Hf := αf (F0(M)), Nf := βf (I0(M)) and ∆f := ∆ ∩ (Hf ×Nf ).
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Proposition 10. Let f be a surjective polarity homomorphism with domain L.

Then

(i) Πf is arrow-closed;

(ii) ∆c
f is quasicompact in ∆c;

(iii) Πf is (αp, βp)-closed, i.e., F ∈ Hf implies αp(F ) ∈ Nf and I ∈ Nf
implies βp(I) ∈ Hf .

Proof. (i), (ii) follow from [Ha92, Prop. 4.1], since f is a surjective lattice

homomorphism.

To prove (iii) let F ∈ Hf . Then there is F̃ ∈ F0(M) with F = αf (F̃ ). According

to [Ha92, Prop. 4.1], we get

αp(F ) = αp(αf (F̃ )) = βf (αq(F̃ ))

= βf (p(F̃ )) = βf (Ĩ) ∈ Nf .

Dually, I ∈ Nf implies βp(I) ∈ Hf . �

Conversely, if we consider a subcontext Π := (H,N,∆Π) of KT (L) having the

properties (i)–(iii) of Proposition 5.1 then by [Ha92], (i) and (ii) guarantee the

existence of a surjective lattice homomorphism

fπ : L→ BT (π) a 7→ (Fa ∩H, Ia ∩N)

such that Π = Πfπ . Moreover (Π, (αp|N , βp|N )) is a standard topological polarity

context by (iii).

Proposition 11. Let Π be an arrow-closed, (αp, βp)-closed subcontext of

(KT (L), (αp, βp)) having a quasicompact nonincidence. Then fπ is a surjective

polarity homomorphism.

Proof. It remains to show the polarity equation

fπ(p(a)) = p̃(fπ(a))

where p̃ := pαp|Hβp|N .

By definition fπ(p(a)) = (Fp(a) ∩H, Ip(a) ∩N). Now we claim

(i) F ∈ Fp(a) ∩H ⇔ F = p(I) for some I ∈ Ia ∩N .

(ii) I ∈ Ip(a) ∩H ⇔ I = p(F ) for some F ∈ Fa ∩H.

To prove (i) let F ∈ Fp(a) ∩H. Then p(a) ∈ F and so a ∈ p(F ) = αp(F ) ∈ Ia ∩N ,

which implies p(αp(F )) = p2(F ) = F .

Conversely, let I ∈ Ia ∩ N , it follows that a ∈ I. Applying p we have p(a) ∈
p(I) = F ⇒ F ∈ Fp(a).

I ∈ Ia ∩N ⇒ βp(I) = p(I) = F ∈ H ⇒ F ∈ Fp(a) ∩H.



60 G. HARTUNG, M. KAMARA and C. SĂCĂREA

Dually (ii) is proved. Hence

fπ(p(a)) = ({p(I)| I ∈ Ia ∩N}, {p(F )| F ∈ Fa ∩H})

= (βp(Ia ∩N), αp(Fa ∩H))

= (βp|N(Ia ∩N), αp|H(Fa ∩H))

= p̃(fπ(a)). �

If we denote the set of all arrow-closed, (αp, βp)-closed subcontexts of KT (L)

having a quasicompact nonincidence, endowed with the order

Π1 ≤ Π2 ⇔ H1 ⊆ H2 and N1 ⊆ N2

by Sp(KT (L)), we can summarize the previous observations within

Theorem 12. For every polarity lattice (L, p), the lattice Sp(KT (L)) is anti-

isomorphic to ConL.

Proposition 13. Sp(KT (L)) is a distributive lattice for every polarity lattice

(L, p).

Proof. By [Ha92, Prop. 4.4] it remains to show that for Π1,Π2 ∈ Sp(KT (L)),

Π1 ∩ Π2 ∈ Sp(KT (L)) and Π1 ∪ Π2 ∈ Sp(KT (L)) are (αp, βp)-closed, which is

obvious. �

We obtain in this way as an immediately corollary the following well known

results.

Corollary 5.1. The congruence lattice of a polarity lattice is distributive.

Corollary 5.2. The variety of polarity lattices is congruence distributive.

Another application of the methods developed here is the proof of Varlet’s con-

jecture, namely the following Theorem giving a necessary and sufficient condition

to a polarity lattice to have a Boolean congruence lattice.

Theorem 14. The congruence lattice of a distributive polarity lattice (D, p) is

a Boolean algebra if and only if D is finite.

Proof. Let D be a distributive lattice. Then the only arrows in KT (D) are dou-

ble arrows, in every row and column exactly one, indicating the prime filter-prime

ideal pairs of D. Therefore the arrow-closed subcontexts of KT (D) correspond to

all subsets of F0(D). Suppose D is finite, then every subcontext of KT (D) has a

quasicompact nonincidence.

If Π := (H,N,∆) ∈ Sp(KT (D)), so is Πc = (F0(D)\H,I0(D)\N,∆Πc), by the

definition of (αp, βp)-closeness. It is obviously that Πc is a complement of Π so

Sp(KT (D)) is a Boolean algebra, hence ConD is Boolean.
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Conversely, suppose Sp(KT (D)) is Boolean. We denote by (D(KT (D)),

(ρ× σ)|D(KT (D))), the double arrow space of D, where

D(KT (D)) :=
{

(F, I) | F ∈ F0(D), I ∈ I0(D), F ↗ I and F ↙ I
}
.

By [Ha92], the double arrow space is compact and D is isomorphic with the

lattice of all clopen order-filters of I0(D).

Let now Π := (H,N,∆Π) ∈ Sp(KT (D)). It follows that

χ := Sp(KT (D)) ∩∆c

is compact in D(KT (D)) and so topologically closed. Since H = prF0(D) χ and

N = prI0(D) χ, the sets H,N are closed too. Since (F, αp(F ),∆ΠF ) ∈ Sp(KT (D))

and its complement

(F0(D)\{F},I0(D)\{αp(F )},∆c) ∈ S
p(KT (D)),

it follows that the set {F} is open in F0(D) and so, the topology on F0(D) is

discrete. A similary argument proves that I0(D) is discrete too. Since D(KT (D))

is compact and discrete it is finite and so is also D. �

6. Connection With Known Representations

In [Ur79] a topological representation of distributive lattices with a dual homo-

morphic operation is studied. These lattices are called Ockham lattices and the

dual space is proved to be a totally order disconnected topological space, where

the dual homomorphism is captured in a convenient way.

We will prove that in the polarity case, the representation of polarity lattices

by polarity contexts captures the representation made by Urquhart. It turns out

(see also [Ha92]) that the dual topological space of this representation can be

recovered within the double arrow space in the underlying standard topological

context of a polarity context.

Definition 1. Let KT be a topological context. Denote the product topology

on G×M by (ρ× σ). The topological space

D(KT ) := (D(KT ), (ρ× σ)|D(KT ))

where D(KT ) := {(g,m) ∈ G ×M | g ↙↗ m in KT } is called the double arrow

space of KT .

In the topological duality established by Urquhart the dual space S(L) :=

{X, τ, ≤, c} of every Ockham lattice is defined as follows:

(a) X is the set of all 0-1-lattice homomorphisms from L into the two element

distributive lattice {0, 1},
(b) τ is the product topology of {0, 1}L,

(c) X is ordered by defining f ≤ g iff f(a) ≤ g(a) for every a ∈ L,

(d) cf(a) = 1− f(p(a)), where p is the dual homomorphic operation on L.
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It turns out that X is a compact totally order-disconnected space and c is a

continuous order-reversing map from X into X. For all f in X, the sets f−1(0)

and f−1(1) are prime ideals, resp. prime filters, and the pair (f−1(0), f−1(1)) ∈
D(KT (L)).

For a given distributive 0-1-lattice L we can order D(KT (L)) by

(F, I) ≤L (F ∗, I∗) : ⇔ F ⊆ F ∗(⇔ I ⊇ I∗).

Proposition 15. Let L be a bounded distributive lattice. Then X and

(D(KT (L)),≤L) are order homeomorphic.

Proof. Let φ : X → F0(L)× I0(L) be defined by φ(f) := (f−1(1), f−1(0)). It is

obviously that φ is bijective and, moreover, an order-isomorphism. That φ is an

homeomorphism follows by [Ha92]. �
If the dual homomorphic operation of the Ockham lattice is a polarity, an easy

computation shows that c ◦ c = 1X . The polarity operation on L is captured in

the standard topological space as a pair (αp, βp), αp : F0(L) → I0(L), αp(F ) =

p−1(F ) and βp : I0(L)→ F0(L), βp(I) = p−1(I), having the properties mentioned

in Section 3.

Proposition 16. Let (L, p) be a polarity lattice, X the set of all 0-1-lattice

homorphisms from L into {0, 1}. The following diagram is comutative:

X
c

−−−−→ X

φ

y yψ
(F0(L),I0(L))

(αp,βp)
−−−−−→ (I0(L),F0(L))

where ψ(f) := (f−1(0), f−1(1)).

Proof. Let f ∈ X be arbitrary chosen. Then

(αp, βp) ◦ φ(f) = (αp, βp)(f
−1(1), f−1(0))

= (p−1(f−1(1)), p−1(f−1(0))).

On the other hand, denoting 1− f ◦ p by ξ, we have

ψ ◦ c(f) = ψ(1− f ◦ p) = (ξ−1(0), ξ−1(1))

and

ξ−1(1) = {x ∈ L | 1− f(p(x)) = 1}

= {x ∈ L | f(p(x)) = 0}

= p−1(f−1(0))

In a similar way we obtain that ξ−1(0) = p−1(f−1(1)) and so the diagram

commutes. �
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7. Multivalued Polarity Pairs

Since the natural morphisms between polarity lattices are arbitrary polarity

morphisms, it is quite naturally to ask how can we extend the duality established

above, to this case. We built on the results obtained in [Ha93].

Let (L, p) be a polarity lattice andKT (L) its corresponding standard topological

context. We define a pair (Rp, Sp) of multivalued functions where Rp ⊆ F0(L) ×
I0(L) and Sp ⊆ I0(L)× F0(L) by

(F, I) ∈ Rp ⇔ p−1(F ) ⊆ I,

(I, F ) ∈ Sp ⇔ p−1(I) ⊆ F.

Proposition 17. For every polarity lattice, the pair of multivalued functions

(Rp, Sp) as defined above, satisfies:

(i) (R
[−1]
p B,S

[−1]
p A) ∈ BT (KT (L)), for all (A,B) ∈ BT (KT (L));

(ii) For arbitrary F ∈ F0(L) and I ∈ I0(L), RpF is a closed intent of KT (L)

and SpI is a closed extent of KT (L);

(iii) (Sp�Rp)[−1](A) = A, (Rp�Sp)[−1](B) = B, for all (A,B)∈BT(KT(L)).

Proof. By the extended duality between 0-1-lattices and standard topological

contexts, since p can be viewed as a 0-1-lattice homomorphism between L and

Lδ, (Rp, Sp) is the induced multivalued standard morphism between KT (L) and

KT d(L), which proves (i) and (ii).

(iii) Let (A,B) ∈ BT (KT (L)), we have to prove that (Sp�Rp)[−1](A) = A and

(Rp�Sp)[−1](B) = B.

Since every closed concept inBT (KT (L)) is of the form (Fa, Ia) for some a ∈ L,

it follows that (A,B) = (Fa, Ia). Then

(Sp�Rp)[−1](A) = (Sp�Rp)[−1](Fa)

= R[−1]
p S[−1]

p (Fa)

= R[−1]
p (Ip(a)) = Fp(p(a)) = Fa.

Dually one can prove that (Rp�Sp)[−1](Ia) = Ia. �
For every standard topological context KT :=((G, ρ), (M,σ), I) we call a pair

(R,S) of multivalued functions R : G → M and S : M → G a multivalued po-

larity pair if it satisfies the conditions (i)–(iii) of the preceding Proposition:

(i) (R[−1]B,S[−1]A) ∈ BT (KT ), for every (A,B) ∈ BT (KT );

(ii) Rg = Rg′′ = Rg for all g ∈ G and Sm = Sm′′ = Sm, for all m ∈M ;

(iii) (S�R)[−1](A) = A, (R�S)[−1](B) = B, for every (A,B) ∈ BT (KT ).

A standard topological context KT together with a multivalued polarity pair

(R,S) is called a standard topological multivalued polarity context or sim-

ply topological polarity context and is denoted by (KT , (R,S)). Every such

context establishes a polarity lattice:



64 G. HARTUNG, M. KAMARA and C. SĂCĂREA

Proposition 18. Let (KT , (R,S)) be a topological polarity context, defined as

above. Then (BT (KT ), pRS) is a polarity lattice, where

pRS : BT (KT )→ BT (KT ),

(A,B) 7→ (R[−1]B,S[−1]A).

Proof. By the duality established between 0-1-lattices and standard topological

contexts, pRS can be viewed as a 0-1-lattice homomorphism between BT (KT ) and

BT (KT )
δ

and therefore

pRS((A,B) ∨ (C,D)) = pRS(A,B) ∨δ pRS(C,D)

= pRS(A,B) ∧ pRS(C,D).

pRS((A,B) ∧ (C,D)) = pRS(A,B) ∧δ pRS(C,D)

= pRS(A,B) ∨ pRS(C,D).

Moreover, pRS(pRS(A,B)) = pRS(R[−1]B,S[−1]A) = (R[−1]S[−1]A,S[−1]R[−1]B).

By [Ha93, Prop. 6],

(S�R)[−1]A = R[−1]S[−1]A and

(R�S)[−1]B = S[−1]R[−1]B.

We conclude that

pRS(pRS(A,B)) = (R[−1]S[−1]A,S[−1]R[−1]B)

= ((S�R)[−1]A, (R�S)[−1]B)

= (A,B). �

Polarity lattices correspond to the topological polarity contexts, as the following

two Propositions show:

Proposition 19. Let (L, p) be a polarity lattice, (KT (L), (Rp, Sp)) the corres-

ponding topological polarity context. Then p ∼= pRpSp, i.e., the following diagram

commutes:
L

ιA−−−−→ BT (KT (L))

p

y ypRpSp
L −−−−→

ιA
BT (KT (L))

where ιA : L→ BT (KT (L)) is the isomorphism defined by a 7→ (Fa, Ia), for every

a ∈ L.
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Proof. For every a ∈ L, we have

(pRpSp ◦ ιA)(a) = pRpSp(Fa, Ia)

= (R[−1]
p Ia, S

[−1]
p Fa)

= (Fp(a), Ip(a))

= (ιA ◦ p)(a)

which proves the commutativity of the above diagram and hence p ∼= pRpSp . �

Proposition 20. For every topological polarity context, the following diagram

commutes:

KT
(Rα,Sβ)
−−−−−→ KT (BT (KT ))

(R,S)

y y(SpRS ,RpRS )

KT d −−−−−→
(Sβ ,Rα)

KT (BT (KT ))
d

where Rα : G → F0(BT (KT )) and Sβ : M → I0(BT (KT )), defined by Rαg :=

αKT (g), for g ∈ G and Sβm := βKT (m), for m ∈ M is a standard multivalued

polarity context isomorphism. The pair (αKT , βKT ) is the context isomorphism

defined in Section 2.

Proof. We have to prove the following two relations:

RpRS �Rα = Rα�R,
SpRS �Sβ = Sβ �S.

We only prove the first relation, the second follows in a similar way.

RpRS �Rα = Rα�R is equivalent to (Rα�R)g = (RpRS �Rα)g, for every

g ∈ G. By the definition of � , (Rα�R)g = (Rα(Rg))′′.

Rα(Rg) =
⋃
h∈Rg

Rα(g)) =
⋃
h∈Rg

(αKT (h))′′

= {E ∈ (αKT (h))′′ | h ∈ Rg}

= {E ∈ (αKT (h))′′ | αKT (h) ⊇ p−1
RS(αKT (g))}

= {E ∈ F ′′ | F ⊇ p−1
RS(αKT (g))}

=
⋃

F∈RpRS (αKT (g))

F ′′.

On the other hand, (RpRS �Rα)g = (RpRS (Rαg))′′ and RpRS (Rαg) =

RpRS (αKT (g)′′), for every g ∈ G.
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Since RpRS (αKT (g)) is a closed extent, we have

(Rα(Rg)′′, Rα(Rg)′) = (RpRS (αKT (g))′′, RpRS(αKT (g))′).

We have to prove that

RpRS (αKT (g))′′ = RpRS (αKT (g)′′)′′

which is equivalent to

RpRS (αKT (g)) = RpRS (αKT (g)′′)′′, g ∈ G.

Since for an arbitrary g ∈ G, RpRS (αKT (g)) ⊆ RpRS (αKT (g)′′)′′ we only want

to prove that RpRS (αKT (g)′′) ⊆ RpRS (αKT (g)).

E ∈ RpRS ⇔ ∃H ∈ αKT (g)′′, E ∈ RpRS (H)

⇔ ∃H ∈ αKT (g)′′, p−1
RS(H) ⊆ E

⇔ H ∈ αKT (g)′′, E ∈
⋂

a∈p−1
RS(H)

Fa.

Thus we have that

RpRS (αKT (g)′′) =
⋃

H∈αKT (g)′′

⋂
a∈p1

RS(H)

Fa and

RpRS (αKT (g)) =
⋂

a∈p−1
RS(αKT (g))

Fa.

If L is a 0-1-lattice, F ∈ F0(L), then H ∈ F ′′(= F∆∆) if and only if F ⊆
H. By this, and the considerations above we conclude that RpRS (αKT (g)′′) ⊆
RpRS (αKT (g)) and so the diagram commutes. �

8. Multivalued Polarity Morphisms

In order to give a categorical characterization to the correspondence established

above between polarity lattices and standard topological multivalued polarity con-

texts, we have to study some properties of the involved morphisms.

Let f : (L, p) → (M, q) be a 0-1 polarity lattice homomorphism. By [Ha93]

this gives rise to a multivalued standard morphism between standard topological

contexts

Rf : F0(M)→ F0(L), (F2, F1) ∈ Rf ⇔ F1 ⊇ f
−1(F2)

and

Sf : I0(M)→ I0(L), (I2, I1) ∈ Sf ⇔ I1 ⊇ f
−1(I2).
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Proposition 21. For every 0-1 polarity lattice homomorphism

f : (L, p)→ (M, q)

the following holds

(i) (Rp�Rf)(F ) = (Sf �Rq)(F ), for all F ∈ F0(M);

(ii) (Sp�Sf)(I) = (Rf �Sq)(I), for all I ∈ I0(M).

Proof. Let us consider the following diagrams:

KT (M)
(Rq,Sq)
−−−−−→ KT d(M)

(Sf ,Rf )
−−−−−→ KT d(L)

KT (M)
(Rf ,Sf )
−−−−−→ KT (L)

(Rp,Sp)
−−−−−→ KT d(L)

Since p and q are polarities, by [Ha93, Lemma 9], we have

I ∈ (Rp�Rf )(F )⇔ (F, I) ∈ Rp�Rf
⇔ I ⊇ (f ◦ p)−1(F )

⇔ I ⊇ (q ◦ f)−1(F )

⇔ I ∈ (Sf �Rq)(F ).

A similar argument proves the second part of this Proposition. �

Let (R,S) be a multivalued standard morphism between two standard topologi-

cal multivalued polarity contexts (KT1 , (R1, S1)) and (KT2 , (R2, S2)). We call (R,S)

a standard polarity morphism if the two conditions of the Proposition 21 hold:

(i) (R2�R)(g) = (S�R1)(g), for all g ∈ G1;

(ii) (S2�S)(m) = (R�S1)(m), for all m ∈M1.

Proposition 22. For every standard polarity morphism (R,S) between two

topological polarity contexts (KT1 , (R1, S1)) and (KT2 , (R2, S2)), the map

fRS : BT (KT2 )→ BT (KT1 )

(A,B) 7→ (R[−1]A,S[−1]B)

is a 0-1 polarity lattice homomorphism.

Proof. Since every standard polarity morphism (R,S) gives rise to a lattice

homomorphism, it follows that fRS is indeed a 0-1-lattice homomorphism.

Moreover, by [Ha93, Prop. 6], if (R1, S1) : KT1 → KT2 and (R2, S2) : KT2 → KT3
are multivalued standard morphisms between standard topological contexts, then
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((R2, S2)� (R1, S1)): KT1 → KT3 is again a multivalued standard morphism and

f(R2,S2)� (R1,S1) = fR1S1 ◦ fR2S2 . So we have

fRS ◦ pR2S2 = f(R2,S2)� (R,S) = f(R2�R,S2 �S)

= f(S�R1,R�S1) = f(S,R)� (R1,S1)

= qR1S1 ◦ fRS. �

In order to establish a dual equivalence between the category of polarity lat-

tices with 0-1 polarity lattice homomorphisms and the category of topological

polarity contexts with multivalued standard polarity morphisms, we have to show

the commutativity of two more diagrams:

Proposition 23. Let f : (L, p) → (M, q) be a 0-1 polarity lattice homomor-

phism. Then f ∼= fRfSf , i.e., the following diagram commutes:

(L, p)
f

−−−−→ (M, q)

ιL

y yιM
(BT (KT (L)), pRpSp) −−−−→

fRfSf

(BT (KT (M)), pRqSq)

Proof. By [Ha93, Prop. 4]. �

Proposition 24. Let (R,S) : (KT1 , (R1, S1)) → (KT2 , (R2, S2)) be a standard

polarity morphism between two topological polarity contexts. Then the following

diagram commutes:

KT1
(R,S)
−−−−→ KT2

(Rα1 ,Sβ1
)

y y(Sβ2
,Rα2)

KT (BT (KT1 )) −−−−−−−−→
(SfRS ,RfRS )

KT (BT (KT2 ))

Proof. We only prove the fact that the pair (Rα1 , Sβ1) is an isomorphism in the

category of standard topological polarity contexts, the rest of the proof can be then

obtained easily, by adapting the proof of the Proposition 20 to the requirements

of this Proposition.

Since αKT1 and βKT1 are bijections, we claim that

(Rα1
−1 , Sβ1

−1)� (Rα1 , Sβ1) = (Re, Se),

where Re ⊆ G×G,Reg := g′′ and Se ⊆M ×M,Sem := m′′.
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By the definition of � , (Rα1
−1 , Sβ1

−1)� (Rα1 , Sβ1) = (Rα1
−1 �Rα1 , Sβ1

−1

�Sβ1) and we shall only prove that Rα1
−1 �Rα1 = Re, the other equality is

then similar.

For every g ∈ G, (Rα1
−1 �Rα1)g = (Rα1

−1(Rα1g))′′. For the sake of readability,

let us denote αKT1 (g) by H, where g is an arbitrary element of G.

Now Rα1
−1(Rα1g) = Rα1

−1(H ′′) =
⋃
F∈H′′(α

−1
KT1

(F ))′′, which implies that

(Rα1
−1(Rα1g))′ =

⋂
F∈H′′

(α−1
KT1

(F ))′.

The following equivalences are true: m ∈ g′ ⇔ αKT1 (g)∆βKT1 (m) ⇔ ∀F ∈

H ′′, F∆β1(m) ⇔ ∀F ∈ H ′′, α−1
KT1

(F )Im ⇔ ∀F ∈ H ′′,m ∈ α−1
KT1

(F )′ ⇔ m ∈⋂
F∈H′′ α

−1
KT1

(F )′.

This proves that Rα−1
1
�Rα1 = Re. �

Summarizing the precedent observations, we can state the following represen-

tation theorem.

Representation Theorem. The category of polarity lattices with 0-1 polarity

lattice homomorphisms is dually equivalent to the category of standard topologi-

cal multivalued polarity contexts with standard polarity morphisms as categorical

morphisms.
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