ERROR ESTIMATES FOR FINITE VOLUME SCHEME FOR PERONA-MALIK
EQUATION

A. HANDLOVICOVA anDp Z. KRIVA

ABSTRACT. We present Perona-Malik nonlinear image selective smoothing equation (modified in the sense of Catté,
Lions, Morel and Coll) which is investigated esspecially from numerical point of wiev. Error estimates in Ly norms for
fully discrete numerical finite volume scheme are derived and proved. Some numerical examples are presented.

1. INTRODUCTION

1.1. Mathematical model of the problem

We are dealing with Perona-Malik type problem discussed in [4] in the following form

(1) ou —V.(9(|[VGy xu|)Vu) = 0 inQr=1xQQ,
(2) du = 0 onlxdQ,
(3) u(oa ) = wup in Q7
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where Q C IR? is a rectangular domain, I = [0,T7] is a scaling interval, and

4) g(s) is a Lipschitz continuous decreasing function,
with Lipschitz constant L,
(5) 9(0) =1,0 < g(s) — 0 for s — oo,
(6) G, € C*(IR%) is a smoothing kernel with compact support K,
With/ Go(z)dz =1
Rd
and G,(z) — ¢, for 0 — 0, J, — Dirac function at point z,

(7) initial condition wug is such that regularity below is fulfiled.

We can rewrite the partial differential equation (1) in the form

(®) Oyu = V.(g(|J(u)(2))Vu) =0 in Qr =1 xQ,

where J(u) : L2(Q2) — (C°°(2))%. In our case we use J(u)(t,) = VG, *u(t,-) for t fixed, but we can choose any
smoothing operator with these properties.

Let us define a weak solution to the problem (8),(2),(3). Equation (8) is multiplied by a test function ¢ € U,
where V¥ is the space of smooth test functions

U ={peCh?(0,T] x Q),Ve.i=00n (0,T) x 9 ,¢(T,.) =0}

After integrating over [0, 7] and Q and after applying integration by parts and properties of a test function, we
come to a definition of the weak solution.
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Definition 1.1. The weak solution of the regularized Perona-Malik problem (1)—(3) is a function u €
Lo (I, Wh2(Q)) satisfying the identity

(9) //u— (t,x) dx dt—l—/ o(x)p(0,z) dox — /T/g(J(u(t,x)))Vu(t,m)Vap(tx) dr dt =0
Q 0 Q

for all p € U.

It is well known from the regularity theory of such a solution [10] that, because of the properties of the operator
J(u), the weak solution of our problem is a function u € Lo (I, W%2(Q)) for initial condition ug € Lo (£2). Moreover
from the embedding theory for dimension d = 2, or d = 3 follows that u € C(Q7).

For our error estimates we need futher regularity of the solution, more precise u € Lo (I,W2%(Q))NLoo (I, WH%))
and uy € Ll(I, Ll(Q))

1.2. Formulation of the finite volume scheme

Let 7, be a uniform mesh of 2 with cells p of measure m(p) (we assume rectangular cells here). For every cell
p we consider a set of neighbours N (p) consisting of all cells g € 75, for which the common interface of p and ¢,
denoted by e, is of non-zero measure m(ep,). We denote the set of all these edges for all volumes p € 7, by €
and by epq] we denote the edge which connects the volumes p and g. (Clearly epq = eqp = epgl). It is assumed
that for every p, there exists a representative point z, € p, such that for every pair p,q,q € N(p), the vector
|i3:fcﬁ| is equal to a unit vector n,, which is normal to e, and oriented from p to g. We denote d,q := |z, — 24].
In a simple case of a uniform grid z,, is just the center of the pixel. Then, let x,, be the point of e,, intersecting
the segment 7,z,. We define

m(epq)_

10 T, =
( ) prq dpq
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Discrete approximation of a solution of partial differential equation is considered to be piecewise constant on
control volumes [5].
Let uy be the value of the numerical solution in the n-th scale step on a volume p. The finite volume semi-implicit
scheme on a uniform grid is then written as follows:

Let 0 =t <t1 <...<t,... <tn,... NVmax k =T denote the scale discretization steps with t; = ¢;_; + k,
where k is the discrete scale step, I = 1,2,..., Nyax-

For n=0,..., Npax we look for ug"'l, p € T, satisfying the identities
(11) (™ —up)mp) =k 3 g5 g (ugt —upth),
qEN(p)
0 ! / (z)dx
u, = ——~ [ u ,
* m(p) J,
(12) 9pq" = 9 (1 (@ (tn, Tpg)) ) ,

where @ is a periodic extension of the discrete image computed in the n-th scale step. Its Lo norm can be
estimated with constant B by La norm of function u. wy is a value of the numerical solution on the volume p in
the n-th scale step.

2. STABILITY AND CONVERGENCE RESULTS

We briefly mention results of Mikula and Ramarosy, see [12], obtained for the semi-implicit finite volume scheme
concerning the stability and convergence properties. Explicit time discretization are discussed also in [7] and [8].
Stability estimates are of the following type [12]:

Lemma 2.1 (A priori estimates in Lo(Q7)). It holds, that there exist positive constants Cy, Cy such that
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(©) 0<?<12}\?( Z (“é)Qm(p) < (Ch,

(it) zmixk Z ) ————m(epg) < Co

(p,9)EE
and the constants Cy,Cy do not depend on the h, k.

Let us denote by @ i the finite volume numerical solution for some fixed space and scale mesh h and k. This
solution is piecewise constant on each finite volume and in each scale step as it is usual for finite volume numerical
schemes of a parabolic type. By @' we denote the function piecewise constant on each finite volume in the I-th
scale step. Then we have:

Lemma 2.2 (Convergence of Uy, x). There exists u € L? (Qr) which is the weak solution of (9) such that
Up | — U N L? (Qr)
as h,k — 0. Furthermore, the convergence is pointwise.
3. ERROR ESTIMATES

3.1. L., stability for a discrete solution

We rewrite the original discrete equation (11) in the following way:

(13) upt! t Z 90 Tpq (up ™ — ul ™) = .
qu(p)

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



Now let uZH be the maximal value for the fixed scale step n + 1 and p € 7,. Then the second term on the left
hand side of (13) is nonnegative and:
+1
uz < UZ'
Recursively we have
(14) @ Lo < Jup ™ < Jup| < @]z, < O

3.2. Error estimates

Let now t, < t < t,+1. Multiplying PDE (8) by U;H'l and then integrating over volume p and using integration
by parts, we have:

(15) /atu(t,x) op T da — /g(|J(u)\)Vu -npuy T de =0,
P op

where Op is the boundary of the volume p and ny is the outward unit normal vector to the boundary of volume
p and further analogously npq will be the outward unit normal vector to the edge e,,. We can write

Op = U e
q€N (p)
For the discrete scheme we have
(upt! —up) vyptim
k

(p) o,n n n n
(16) - Z 9pq Ipq (“q+1 - up+1) Up+1 =0.
gEN(p)
Now we denote
ey = U(tn, Tp) — uy,
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where x,, is a representative point of a volume p, p € 7.

Then posing vy = e, and subtracting (16) from (15) we obtain:

(enJrl n . un+1 _ unJrl .
[ e ¥ [ ot - gD np )
rq

P 9€N(pe,,,
_ / (u(tn+1,$p) —ultn, Tp) 8tu) o+l
Lk P
P
Now after summation over all volumes p € 73, and integration over I, = (t,,t,11) for alln =0,1,...,m — 1

and rearranging the equation we obtain:

) L ) n+1 un-i—l .
/|em| +Z/|e“+ oY (5 % [ s Tune )
q

n=0j PETh gEN P)e

/02+22/Z/<“ ”*“xpk (t"’xp)atu) et

n= OI PETH

(17)
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The third term on the left hand side of the last equation can be expressed as it is usual in the finite volume
theory, see [5]:

n+1

n+1 U
»Third” = 2 Z / Z Z / <ggq’ﬂqp _ g(|J(u)Dvu . npq) 6;+1
Pq

= O[ PETH qEN(p)e

n+1 n+1

3 /Z/ (9“ — g(1J(w)

n= OI

Wu - npq> (e;H'1 — e?“).

6

After rearranging we get:

q
n= OI

n+1 €n+1)2
”Thlrd“*QZ/Z/ |J d—q
P
epgl

nOI e

2y /Z / o5 — 9(7D) B e ey

nOI e

n ? tn ? n n
492 Z/Z / (17 (u ( U(tns xq)dpq u(tnt1, Tp) —Vu-npq> (ep+1 _€q+1).
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Involving these terms to the (17) equation we obtain:

+1 en+1)2

[ s fer e aaS [ [ st
Q epql

/|602+22/Z/( n+1’$p — ultn, p) —8tu) en

PETH

un+1 _ un—i—l

HZ/Z/%% ) e - )

Pq
n= OI

nl?x) (tn 1,(E) n n
2[5 [ogsn (Mol t) a1 -

nOI

or brleﬂ S/
n )

ﬂ\%Z/M“%maZ/Z/\J @

:/|€°\2+I+H+Hl.

dpq

Remark. To obtain an appropriate error estimate we must take into account the regularity of the solution
which plays an important role in error analysis. Error estimates could be done also better, but further regularity
for time derivative is needed. If we suppose ug € Loo(€2) only, no further regularities are available.
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Now we must estimate each of the last three terms on the right hand side.

I 22/2/( n+1v% (tmxp)_atu> ent1

PETh

=92 Z Z / (tnt1, Zp) — U(tn+1, 2) + u(tn, ) — u(tn, Tp)) e;”“l

n=0 pETy

=2 Z / (Z_: (u(tn, xp) — ultn, ) (ep — e;j“))
perhp n=0
+ 23 [ (@t ) — ) € = (w0, 2,) — u(0,2)) €2)
<\V?2 hVu(ty, )|[E" — €| + V2 | h|Vu(ty, )||E™|+ V2 | h|Vu(0,-)|[°].
) / g

After using Young’s inequality we get

1< h? Z/Wu e )2+ Z/r"“ "% + h2/|Vu(tm,-)|2
Q

nOQ nOQ
+§/‘ |2+h2/\Vu ‘2 /‘702
Q
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Finally

l\D\»—t

m—
Z/ el g2 4 Z|fm|2 /|*02 ( +2h2)|VU||LOO(1,Lz(Q))
n=0 g

We estimate the second term in the following way:

n+l _ , n+1l

1—22/2/ g5 — 91T w(@))) LT (e — ).

rq
n=0p & .1

First we estimate

957"~ 9T @] = 919G » ltn, 2p0))) — 91V G, = 1, )
< Lyl [ 9Guap ~ mina(tuin — [ VGols =~ matt. i)
<Ly [ 1VGa(opg = 1) = VGols = mlfin.ltrmld

4Ly [ 96 (s = )l elta.n) = )l
We obtain

954" = 9(I (w)])]
LyB

ol

/|E"|2dz //|6tus x)|dsdx + Z//|8Ut .9) |dydz | ,
Q

(KU> + LgBHVGUHLOO(Q)

PETH
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where m(K,) is measure of the compact support K, o is fixed, B is the estimation for mirror reflexion function.
We denote

C3 = 2Ly B||DG, || 1., (@) [1un k| Lo (@ryM (B ),

Cy= QLQBHVGJHLOO(Q),

C, is such that g(|J(u)|) > C,.

The last estimate can be established due to the properties of the solution u. Hence the whole term II can be
estimated as follows:

n+1‘2 n+1‘2

m—1 |un+1 m—1 |en+1
< Gy zkz/ zkz/
n=0 epgl n=0 epql
m—1 n+1l n+1 2 n+1 _ 7l+1 2
U 6
oS /| | / | /|
n=0 epq epq

|un+1 n+1|2 ‘enJrl n+1 |2
D e N b
0

n=

N
o=

[SIE

I, equ eP(II
i a
(t
//|8tu(s,9:)\dsdx+ Z//| U Y)) yda
Q t PETh p g,
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2 7L+1 n+1)2
II§4C203h 12/2/ (I —epth)

2 d
pq
= OI

403 m—1 |un+1 n+1|2 2
tor Lk / / e
n=0 epql
4CZ |un+1 n+1|2
=3 / > /
epq

g n= OI
Ou(t
//|v g(|J (w)|Vu) |dsdx+2//| \dd

PETH

4C5C32h?
— % Al < s - s
g

where the inequalities (14), (ii) and the equation (1) has been used. The last term can be estimated using the
properties of the exact solution:

8C2L,C 4020,
Il; < <40292||D2G0|Loo(ﬂ)|vu||Loo(I’L2(Q)) T (| Aull,q, Lz(sm) -k
g

8C?L,C,
(CEH 2D IV ) -
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Finally the third term can be estimated:

n 9 tn 9
I = 2 Z /Z / (1 (u < U(tny xq)dpq u(tnt1, Tp) —Vu-npq> (en L — et

nOI

We denote

1 U(tnt1, 2q) — ultng1, Tp)
Bm=—— | = Vu-npq + m(epq)
Pq m(epq) Pa Pq

13454568e,, T

Applying the properties of function g, this term can be estimated as

ImK2Z/§:/WMW“ ).
epqgl

nOI

Now using the regularity of a weak solution and the estimates well known in the finite volume method see, [5,

Chapter 3.1.6], we get
| < = h2 Z / /

nOI

n+1 _ enJrl)2

+f§/;/mﬂm@’%q

=0 € g
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d
Here |H(u)(2)|> = Y |D;Dju(z)|*> and D; denote the weak derivatives with respect to the component z;. Since
ig=1
u € Lo(I,W?2(Q)) we can denote

C
Cs = @\|H(U)\|%2(QT)
and we have
n+1 en+1)2
I < C5h? + —q.
= Ol Z /Z / (17 dpg
n= OI epal
Putting all these estimates together, we obtain:
n+& n+1)2

[ B froee B [t

C>C5
C

< 4/ |*O 2 + 2 +2h2)||vu”L IL2(Q)) ( + 205> h2

8C2L 40320,
+( 911D, . Vil + 2 1Al iy )
g9 g
8C2L,C
+( 4 29 2
Cg

4 un+147un+12
+74~ kz/| |/|

epql

||DGU|Lm<m||Vu||Lm<I,L2<m>) 0
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If we realize, that the first term on the right hand side with €° is less than C'’h because of the properties of the
exact solution and the definition of ug, we are prepared to use Gronwall’s lemma in the form

Lemma 3.1. If u(t) and v(t) are non negative measurable functions for t < 0 and ug is a non-negative

t
constant, then the inequality u(t) < ug + f u(s)ds implies that u(t) < ugexp (fv )
0
= (t

To estimate the last term of the previous inequality let us denote for ¢ € I,

\u"'H n+1‘2
/ u(t) = / GRS
epql Q

If we use the properties of function v then we can obtain

nla )

m—

- ) h Iun+1 n+1|2
|e P <O +h+ — +k) - exp( Z

2
< C-exp(Co)(h* +k+h+ %),

where C' is a generic constant depending only on domain €2, time 7" and some norms of the exact solution. To
obtain convenient error estimate result we can choose

(18) k=Ch,
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Theorem 3.1. Let the relation between scale and space discretization be chosen as in (18). Then for the error
estimates for Perona-Malik weak solution and numerical solution obtained via finite volume method it holds

//\u n+1, L ﬂh’k(tn+1,$)|2§0h

nOI

NnLa.z

and

n+1 _

2
n+1
Z / > mlepg)d i e Vu-npq | < Ch.

n= OI epgl

Proof. 1t is easy to see that

Nmaz

Z //Iu Caste _uhk( n+1, T >|2 < 2h2||vu||L2(I L2 (92) +2 Z //|7n+1 2 < Ch

n=0j =0 i,
and the first inequality is proved. Now

m—1 n+1l _

n+1
uq up 1
> [ X mteni - [ vuengg

n=| OI epql

(en-i-l en—i—l

<cz/2/ ) +cz/ ns un un+1 mépq)elwnpq

n= OI epql, . epql

< Ch,
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where we have again used the estimate of the finite volume method for the second term. O
4. NUMERICAL EXPERIMENTS

In this section we present experiments with some artificial images perturbed by various types of noise. We want
to confirm the relation between scale step, mesh size and the data coefficients obtained in the previous theorem.

In simulations, we use the function
1

and the convolution is realized with the kernel

1kt
Ga’(ir) = EC‘I‘ 7,

where the constant Z is chosen so that G, has unit mass.
Example 1. To every position of the initial image we apply a 10% salt and pepper noise.

Example 2. We have chosen another type of picture with a noise function f defined as follows: if ¢ (z) is a
functiongenerating random values in [0, 2C], then for every position
fluo(x)) = MIN(255, MAX(0, ug(x) — C + ).
C = 100 and the difference in intensity between the two values of the initial image is 200.
In both examples the size of one finite volume corresponds to the size of one pixel. We computed the same
example for different scale steps. In both figures we choose the best visual result for every parameter K in function

g which plays an important role in smoothing effect. For the best cases it seems that the relation between grid
mesh, scale step and parameter K remains is constant.
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Figure 1. The first column shows the work for parameter K = 10 for different scale steps k = 0.1,0.5,1,2.5., the second column
shows the work for parameter K = 100 for scale steps k = 0.5, 1,4, 10. for Example 1.
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Figure 2. Pictures shows the work for parameter K = 10 for different scale steps k = 0.2,1, 5,10 (from the top to bottom, from left
to right) for Example 2.
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Figure 3. Pictures shows the work for parameter K = 100 (top) for different scale steps k = 1,2, 5, 10, and for parameter K = 1000
for scale parameter k = 10, 20 for Example 2.
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