ON THE FRAGMENTAL STRUCTURES

M. A. KAMAL anp N. S. MAHMOUD

ABSTRACT. In this work we study the fragment structures over a ring extension R of a ring Rg. The defining conditions
of the fragments with the partial actions on the descending chains of Rp-modules measure how far they are from being
R-modules. The category of R-fragments lies between the categories of Rp-modules and of R-modules. Inspite of R-
fragments, in a general setting, are far from being R-modules; they behave, in some ways, the same as R-modules. We
prove some imprtant results for finitely spanned fragments and some of their related properties.

1. INTRODUCTION

Let R be a ring with unity 1. Let Ry € R; C ... C R be a positive filtration of R; with 1 € Ry. An abelian
group (M, +) with the descending chain

M=MyDMDM;D...OM, D...

of subgroups of M is called a left R-fragment with respect to the mappings ¢; ; : R; x M; — M;_; (for all i, j;
with j > 4) if the following conditions are satisfied:

i j :@q,r§f0rallqgi§j§r-

Rg X My

@i j(a,m~+n)=p; j(a,m) + ¢; j(a,n); for all &) €)R;,m,n € M;, and i < j.

@i j(a+ B,m)=; j(a,m)+ ¢; j(a,m); for all o, € R;,m € M;, and i < j.
( @, Qi (i45) (B, M) = P(itj),(i+5) (@B, m); for all a € R;, B € R;, and m € M;;
5,5 (1,m) = m; for all m € Mj.
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A right R-fragment can be defined in a similar fasion. For all & € R; and m € M, we write am for ¢; ;(a, m).
We shall usually say simply that M, rather than M = My O M; O My O ... O M, O ... with respect to
@i Ry x M — M;_; (for all 4, j; with j > ), is a left R-fragment. This allows some ambiguity, for a given
chain of abelian groups may admit more than one left R-fragment structure. We clear this out by fixing a chain
of subgroups of M, My 2 M; 2 My 2 ... 2 M, 2O ... and certain maps ¢; ; : Ry x M; — M;_;.

Observe that, any left R-module M can be considered as a left R-fragment with respect to the chain M =
Mo D My D My D...2> M, O ... where M; = M for all 7, and Ry C R; C ... C R is any positive filtration
of R, with rm taken to be the left multiplication of elements of R by elements of M as a left R-module; for all
r € R;, m € M; = M. Observe also that, each abelian subgroup M;, in the chain of a left R-fragment M, is a
left Ro-module.

Let M be a left R-fragment, we denote (1),.; M; by B(M) and call it the body of M. If the filtration of R is
exhaustive; i.e. R = (J;c; Ri, then the left actions of the elements of R; on the elements of M; (for all 7, j) induce
an R-module structure on B(M). It is clear that B(M) is the largest abelian subgroup of M on which the left
actions of R; on M; form a left R-module structure.

In this paper, R will be a filtered ring with a positive exhaustive filteration {R;}ics; i.e. Rp C Ry C ... C R,
and R = | J,;¢; Rs.

Let M be a left R-fragment. We simply say X is subset of M, for any subset X of Mj; and we say x is an
element of M for any element = of M. Let & € M be an arbitrary element, then either x € M,, and & ¢ M, 11
for some positive integer n, or z € B(M). In the first case x is called of depth n (denoted by dps(x) = n), while
in the second case we say x has an infinite depth (i.e. das(z) = 00). It is clear that d;(0) = oo.

Let N =Ny D Ny DNy D...2O N, D...be a chain of subgroups of a left R-fragment M. N is called a
subfragment of M if N; C M, (i =1,2,...), and for all ¢, j with j >4, ro € N;_; for all r € R; and € N;. If
N; = 0 for all 4, then IV is called the zero subfragment, and is denoted by 0.
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2. NONTRIVIAL SUBFRAGMENTS

A subfragment N of a left R-fragment M is called a nontrivial subfragment in case of if R,z C Ny, for z € Ny
with dps(x) > 4, then € N;. N is called an improper (otherwise it is called proper) subfragment of M if, for
some j > 0, Ng = M;, for each i > 1 there exists k(i) > 1 such that Ny = M; ).

Lemma 1. Let M be a left R-fragment such that M; = M;yq for all i = 0,1,.... If N is a nontrivial
subfragment such that No is an R-submodule of M, then N; = N;y1 for alli.

Corollary 2. Let M be a left R-fragment such that the filteration of R is given by Ry = Ry = ... = R, and
M; = M;yq for alli =0,1,...; i e. M is a left R-module. Then the chain of any nontrivial subfragment N of
M must be of the form Ng = Ny = Ny = ... =N, = ... for some R-submodule Ny of M.

Lemma 3. Let N be a subfragment of a left R-fragment M such that Ng = My. If N is nontrivial, then
N; = M; for alli ; i.e. N =M.

Proof. If x € My, then RyxzMy = Ny. This yields x € Ny, and hence My = N;, for all k. O

Let M be a left R-fragment, and {N'};c; be a family of subfragments of M. Then the chain
AN 2(Ni2...2(N.2...
iel il i€l

of subgroups of M forms a subfragment. This subfragment of M is called the fragment intersection of the family
{N}icr, and is denoted by (,c; N*. Observe that

(VN =) Ve

i€l iel
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Let {N%};cr be a chain of subfragments of M, and consider the following chain
AN 2(Ni2...2(|Ni2...
il iel iel
of subgroups of M. It is clear that it forms a chain of a subfragment of M. This subfragment is called the
fragment union of the chain {N%};c;.

Lemma 4. The intersection of nontrivial subfragments of a left R-fragment is nontrivial.

Proof. Let {N};c; be a family of nontrivial subfragments of a left R-fragment M, and let x €
the nontriviality of each N* yeiles € (;; Nj, whenever R;jz C )

i
: ser Ng- Then
ser Ng and dyr(x) > 5. O
3. SUBFRAGMENT SPANNED BY A SUBSET

Let M be a left R-fragment, and X be a subset of M. Define the subset L(X) of M by:
L(X) = {rn(rn-1((roz))) : « € X, for some nr; € R;,
and ¢ > dp(ri—1(. .. (rox));a=0,1,...,n}.
A subfragment N of M is said to be strictly containing X if L(X) C N.
Lemma 5. Let {X;}icr be a family of subsets of a left R-fragment M. Then:
1) X; C L(X;), and if X; C X;, then L(X;) C L(X;).
2) L(Uiel X;) = Uie[ L(Xi).
Proof is clear.

Lemma 6. Let X be a subset of a left R-fragment M, then the intersection of all subfragments, which are
strictly containing X, is strictly containing X .
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Proof is clear.

Let T" be the set of all nontrivial subfragments of M which are strictly containing a subset X. By Lemma 4,
and Lemma 6, the intersection (T is again a nontrivial subfragment of M, which is strictly containing X. We
call it the subfragment spanned by X, and is denoted by < X . If X is the empty set, then by convention
<X >==0.

Lemma 7. Let M be a left R-fragment, and X be a subset of M. Define

Ny = {Ztl :t; € L(X),n is a positive integer} )
i=1
Ny = {yeNo:du(y) >k, and Ryy € No}; k=1,2,... .

Then

N:NO;)ngNQQNnQ
is a subfragment of M, and the subfragment spanned by X is just N.

Proof. Tt is clear that, from the definition of Ny, that

N:NogNl;)NQQNnQ
is a descending chain of abelian subgroups of M. Now let y € Ny and r; € R;, where ¢ < k. Since dps(y) > k, we
have that r;y € My_;; and hence dps(r;y) > k — i. We have

Ry—i(riy) € Rx—1(Riy) € Rry C No;

and thus 7,y € Ni_;. This shows that N is a subfragment of M. It is clear, from the definition of N, that
L(X) C Np; i.e. N is strictly containig X. It is also clear, from the definition of N;, that N is nontrivial.
Therefore < X =C N. To show that N C X, let K be any nontrivial subfragment which is strictly containing

X. Since L(X) C K, we have that Ny is contained in Ky. Now let y € N,,, for some positive integer m. Hence
R,y € Ny C Ky, and thus the nontriviality of K yeilds y € K,,,. Therefore N C< X . O
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If X is a subset of a left R-fragment M such that < X == M, then X is said to span M, and X is called a
spanning set for M. M with a finite spanning set is said to be finitely spanned. M with a single element spanning
set is a cyclic fragment.

Corollary 8. If X is a spanning set for a left R-fragment M, then the chain of M is given by :

M, = {Z Yi :Yi € L(X),dM(Zyi) > k,n is a positive integer} : k=0,1,...

i=1 i=1

Corollary 9. If X is a spanning set for a left R-fragment M, with dy;(x) =00 for allx € X, then M; = M; 4
for all i; i.e. the fragment structure forms a left R-module structure on M.

A nontrivial subfragment K of a left R-fragment M is said to be a strict subfragment if K is strictly containing
Ky. By Lemma 5, we have that L(X) C K for any subset X of Ky, and that L(Ky) = Kp.

Lemma 10. The following are equivalent for anontrivial subfragment K of M :
1) K is strict,

2) <X > is contained in K, for any subset X of K,

3) K;=M;NKy, foralli=0,1,2...,

4) dpy(z) = dg(z), for all z € K.

Proof. 1) = 2) is clear.

2) = 3) It is clear that, for all i, K; C M; N Ky. Now let € M; N Ky. Then by 2), Rz C< =z =C K. But
since K is nontrivial, we have that x € K;. Hence K; = M; N K.

3) = 4) It is clear that di(x) < dp(z) for all x € K. Now let dys(x) =n, x € K, then x € Ko N M,, = K,,
and z ¢ K, 11 (due to K, 11 € Mp41); i.e. dg(z) = n. Tt is clear that dx (z) = co whenever dps(z) = oo.

4) = 1) Let X be a subset of K. By 4), it follows that L(X) C K; i.e. K is strictly containing X for all
subsets X of K. Hence we have 1). O
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Remarks. 1) From Corollary 8, it is clear that a left R-module M is finitely generated if and only if it is
finitely spanned as a natural left R-fragment.

2) If M is a left R-fragment, and if the factor Ro-module M,, /M, 1, is finitely generated for all n = 0,1, ...,
then M need not be a finitely spanned fragment. In fact M,, /M, 1, = 0 is finitely generated for every R-module
M, and for all n =0,1,....

3) The intersection of an arbitrary family of strict subfragments of a left R- -fragment is strict.

Let M be a left R-fragment, and let { N?}™ , be a family of subfragments of M, where the chain of N? is given
by

N.DONfDN:D...DN!

V)

i =1,2,...,m. Then the following chain
> Nj2Y Ni2...2> Ni2...
i=1 i=1 i=1

forms a subfragment of M (denoted byz N?) called the fragment sum of the family {N?}™,. If each N° is
i=1

m .
a strict subfragment, then we define the fragment sum > N* to be the subfragment of M spanned by the subset
i=1

m .
J N¢. Tt is clear, by Lemma 5, that
i=1

L<6N§> :GL(Ng):ONg.

Hence <Z NZ> =< N}>0 = >, N}, whenever each of N* is strict.
' 0 i=1 i=1
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Remark. If {N'};c; is an arbittrary collection of strict subfragments of a left R-fragment M, then motivated

by the finite sum of strict subfragments, we define the fragment sum > Nfof {N'};c; to be the subfragment of
i€l
M spanned by J N¢.
i€l

Lemma 11. Let {N'};c; be an arbittrary collection of strict subfragments of a left R-fragment M. Then
K := U {ZN@ : I is a finite subset ofl} ,
i€F

with the chain

where

K, = U {(ZNl)n : F' is a finite subset ofl},

is a strict subfragment of M.

Proof. It is clear that K with the given chain is a subfragment of M. Let x € K such that R;z C Ko, and
j <dp(z). Then z € (Y N¥)y for some finite subset F of I. Since Y N? is a strict subfragment of M, we have

i€F i€F
by Lemma 10 that dyr)(z) = dy(x) = m > j, where N(F) := > N% ie. @ € (Y N%)p,. It follows that
i€F i€F
Rjw € (3 N)m—j € (3 N')o
iR i€F
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(due to > N* a subfragment of M). Since Y N’ is nontrivial, we have that
i€k i€F

ieF
This shows that K is nontrivial. Since
dy(z) = dn(ry(z) < dg(x) < dp(x),

whenever z € > N*:= N(F), and z € Ky, it follows that
ier

dy(z) = d (2)
for all x € Kg. Therefore K is strict. O
Theorem 12. Let M be a left R-fragment, and {N*};cr be a family of strict subfragments of M. Then
ZNi = U {ZN’ : F is a finite subset ofI} .
il i€F

Proof. By Lemma 5,

LU o) = U £avg) = J s

i€l i€l i€l
and hence
%UNS}OZ (ZNi)O = ZNS = U {ZNé : F' is a finite subset ofl}.
i€l i€l i€l i€F
In Lemma 11, we have seen that K := [J{> N’ : F is a finite subset of I}, with the given chain, is a strict
i€F
subfragment of M. From the definition of the fragment sum of the family {N'};c;, we deduce that > N*:= N

el

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



is also a strict subfragment of M. Since Ko = Ny, and dy(z) = dp(x) = dg(z) for all x € No(= Kp), it follows
that K = N. |

Theorem 13. Let M be a left R-fragment. Then M is finitely spanned if and only if for every family {N'};cr
of strict subfragments of M,
ZNi = M implies ZNi =M,
i€l i€F
for some finite subset F' of I.

Proof. Let X be a finite spanning set for M, and let {N?};c; be a family of strict subfragments of M, with
3> Nt = M. It follows that X C > N{ for some finite subset F of I. Hence M = <X > C > N* and therefore

iel A ieF ieF
M= N-
i€F
It is clear that M = > <x>. Thus, by assumption, M = > <z >= X for some finite subset X of M, ;
€My zeX
i.e. M is finitely spanned. O

Theorem 14. Let M be a left R-fragment. If for each i, M; is finitely generated as an Rg-module, then every
improper subfragment of M is finitely spanned.

Proof. Without loss of generality we may show that M is finitely spanned. Let My =Y Rgx;. We claim that
i=1

M as an R-fragment is spanned by X, where X = {z1,2,...,2,}. To this end, let m € My. Then m = > r,y;,
j=1

where {y1,¥2,...,¥s} is a generating set for M}, as an Ro-module, and r; € Ry. But for each ¢ =1,2,...,s, we

have n
yi = E Bij%j,
=1
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where 3;; € Ry. Hence

=1

m € {Zyz Dy € L(X),dM(Zyi) > k};

and therefore

i=1
Therefore we have our claim. O

Mk:{Zyi:yieL(X)»dM(Zyi)>k}; k=0,1,....
=1

4. FACTOR FRAGMENTS

Just as for modules, there is a factor fragment of a left R-fragment with respect to each of strict subfragments.
Let M be a left R-fragment and let IV be a strict subfragment. Then it is easy to see that the chain of abelian
factor groups
My/No 2 (My + No)/Ng 2 ...2 (M, +No)/Ny 2 ...
is a left R-fragment relative to the left multiplication defined via
r(xz + No) = rz + Ny

for all x € M,,, x € M,,, and r € R,,,, where m < n.

The resulting fragment (denoted by M/N), is called the left R-factor fragment of M relative to N. Since N is a
strict subfragment, then the given left multiplication is well defined. In fact if f,, : M,,/(NoNM,,) — (M, +No)/No
are the natural abelian group isomorphisms (n = 0,1,2,...), where f; = 1, then the sequence of monomorphisms

My/No & My /Ny & My /Ny & . M, /N, " ..,
where g, = ( 7:_11 |L,)fn and L, := (M, + Ny)/No, gives rise to the chain
Mo /Ny 2 g1(M1/N1) 2 g192(M2/N2) D ... 2 g1g2 ... gn(Mp/Nyp) 2 ...
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Hence we may consider the chain of the factor R-fragment of M relative to N as:
My/No 2 My/N1 D My/Ny 2 ...2 M, /N, D ...,
where the left multiplication is give by:
r(m+ N,) =rm+ N,_;,
for all m + N,, € M,,/N,, and r € R; where i > n.

Lemma 15. Let M be a left R-fragment spanned by a subset X, and let N be a strict subfragment of M. Then
M/N s spanned by X = {x + Ny : z € X}.

Proof. From the definition of the left multiplication of R on M /N, we have that
n(rn-1((roz))) + No = n(rn—1(. .. (ro(z + No))),

for all x € X, n is a non negative integer, and r; € R;; where i < dps(r;—1(... (roz)), and ¢ = 0,1,...,n. Hence,
for all k =0,1,..., we have that

(M/N)y, = (Mg + No)/No = szz yi € L(X),dn(>_ui) > k} +No | /No

i=1

- {zn:(yl +No) 1y € L<X)adM(Zyi) > k} =< X =

i=1

O

Corollary 16. Let M be a finitely spanned left R-fragment, and let N be a strict subfragment of M. Then
M/N is finitely spanned.

Theorem 17. Let M be a left R-fragment, and let N be a strict subfragment of M. If M/N and N are finitely
spanned, then M 1is finitely spanned.
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Proof. Let {a1,aa,...,a,} be a spanning set of M/N, and {31, (a2,
that M is spanned by

,Bm} be a spanning set of N. We claim
X = {ml,.’bg, o0

'7$n7617ﬂ27"'7ﬁm}7

where x; € My such that z; + No = a; (i = 1,2,...,n). Now let m € My, it follows that m + Ng = >

L({a1,az,...,a,}), and dpn (D ti) > k. Hence m + No = (
i=1

s
ti,t; €
=1
s
=1

> bi) + No, where b, € L({z1,%2,...,2,}), and

S| s
dar(>] b;) > k. Since N is a strict subfragment of M, we have that dy(m — > b;) > k. Hence m —
i=1 i=1

S

> b, as an
i=1
s A
element of Ny, can be written as m — Y b; = > ¢;, where ¢; € L({$1, 52, .-.,0m}). Therefore
i=1 i=1

i.e.

s A
m:Zbi+ZCi€<{{$1,$2,...,$n,61,ﬂ2, ;6m}}>k;
=1 =1

Mk{ZyiiinL(X),dM(Zyi)Zk}, k=1,2,....
=1 i=1
Thus we have our claim.

O
HoMOMORPHISMS OF FRAGMENTS
Let M and N be two left R-fragments.

By a fragment homomorphism f : M — N we mean a function
f: My — Ny such that the following two conditions are satisfied:
1. dpr(m) < dn(f(m)), for all m € My,

2. f(rmy+smga) = rf(mi)+sf(ms), for all mi, mg € My and r € R;, s € R, with ¢ < dps(ma1), j < dar(ma).
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Let M and N be two left R-fragments, and let f : M — N be a fragment homomorphism. Then the chain
f(Mo) 2 f(My) 2 f(M2) 2 ... 2 f(My) 2 ...

forms a subfragment of IN. This subfragment is called the fragment image of f and is denoted by Imf. If K is a
subfragment of the fragment N, then the chain

FFUK) D fHE)NM, D fY(K)N My D ...D f Y (K,)NM,D...

is a subfragment of M. It is called the fragment inverse image of K under f, and is denoted by f~!(K). The
kernel of f (denoted by Kerf) is given by f~1(0), where 0 is the zero subfragment of N. f is called an epimorphism
in case of the fragment image Imf and IV, as fragments, are equal. It is called a monomorphism in case of the
subfragment Kerf of M is the zero fragment. A homomorphism which is monomorphism and epimorphism is
called an isomorphism.

Proposition 18. Let M and N be two left R-fragments, and let f : M — N be a fragment homomorphism.
If K is a strict subfragment of N, then f~1(K) is a strict subfragment of M.

Proof. Tt is clear that
F7H(Ko) N M = =1 (Eo) N f~H(N:) N M;
=Y (KoNN)NM; = f7HE) N M; = 1K)
(due to K strict), for each i = 0,1,2,...;i.e. f~1(K) is a strict. O

Corollary 19. Let M and N be two left R-fragments, and let f : M — N be a fragment homomorphism.
Then kerf is a strict subfragment.

Proposition 20. Let M and N be two left R-fragments, and let f : M — N be a fragment homomorphism.
If M is spanned by a subset X, then Imf is spanned by f(X). Moreover if g : M — N is also a fragment
homomorphism, then f = g if and only if f(z) = g(x) for all z € X.

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



Proof. Tt is clear that f(r,(rn—1...((r0x)))) = rn(rn_1...((rof(x)))), for each r,(rp—1...((roz))) € L(X).
It follows that

f(My) = f ({Zyz (Y € L(X)adM(Zyi) > k})
= {Z flyi) 1y € L(X)7dM(Zyi) = ’f}

i=1 1=1

for each k = 0,1,2,.... This shows that Imf = < f(X)>.
Now let f(x) = g(z) for all z € X. Tt is easy to check that the chain

KoDKi DKy DK,D..., where K;={me M, : f(m)=g(m)},

is a strict subfragment of M. Since X is contained in K, we have that K = M; and hence f = g.
The converse is obvious. ]

Corollary 21. Homomorphic image of a finitely spanned fragment is finitely spanned.
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