CERTAIN CLASSES OF p-VALENT FUNCTIONS ASSOCIATED WITH
WRIGHT’S GENERALIZED HYPERGEOMETRIC FUNCTIONS
G. MURUGUSUNDARAMOORTHY

ABSTRACT. The Wright’s generalized hypergeometric function is used here to introduce a new class of
p-valent functions W7 (X, e, ) defined in the open unit disc and investigate its various characteristics.
Further we obtain distortion bounds, extreme points and radii of close-to-convexity, starlikeness and
convexity of functions belonging to the class WT (X, o, 8).

1. INTRODUCTION

Let A(p) denote the class of functions of the form
oo

(1.1) f2)=2"+> anz", p<k pkeN={1,23,. .}
n=k

which are analytic in the open disc U = {z : z € C; |z| < 1}. For functions f € A(p) given by
(1.1) and g € A(p) given by

g(z) =27 + > ba2",  peN={1,23,. ..}
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we define the Hadamard product (or convolution) of f and g by
(1.2) f(2)xg(2) = (f x g)(z —Z”+Zan A A

For positive real parameters aq, 4y ...,q;, 4; and B1,B1...,Bm,Bm (I,m € N = 1,23 ...)
such that

m l
14) By— > A, >0, z€U,
n=k n=k
the Wright’s generalized hypergeometric function [11]

l\Ilm[(alaAl)"-w(al,Al);(ﬁl?Bl) (ﬂm, ); ]
= l\Ilm[(aw ) (ﬁ]v )1 m,Z]
is defined by

1V (aj, Aj)1,(Be, B)1,m; 2]

-1
n

=> | IIT(a; +na, HF(ﬂjJrnBj % zeU.

n=k \j=0 7=0
IfA; =1(j =1,2,...,1) and B; =1(j = 1,2,...,m), we have the relationship:
Ql\ym[(a,ﬂ )1l(ﬁ]7 )1 ms 2 ] = lFM(alv alaﬁlu 7ﬁmaz)
(1.3) B i (al)n oq)n z




(l<m-+1; I,me Ng=NU{0}; z € U) is the generalized hypergeometric function (see for
details [2]) where (), is the Pochhammer symbol and

-1

l m
(1.4) Q= H I'(a;) H INeR)

By using the generalized hypergeometric function Dziok and Srivastava [2] introduced the lin-
ear operator recently. In [3] Dziok and Raina extended the linear operator by using Wright’s
generalized hypergeometric function. First we define a function

1m0, Aj) 15 (Bjs Bj)im; 2] = Q2P1¥m[(y, Aj)1,1(85, Bj)1,m; 2]-

Let O[(a;, Aj)11; (85, Bj)1,m] : A(p) — A(p) be a linear operator defined by
O[(aj, Aj)1,i; (Bjs Bi)1,ml F(2) == 2P 1dml(0y, Aj)11; (855 Bj)1,m; 2] * f(2)
We observe that, for f(z) of the form (1.1), we have

(1.5) O[(aj, Aj)1i; (Bj, Biimlf(2) = 22 + Y on anz"
n=k

where o, is defined by

QF(OAl + A (n = p)) . F(Oq aF Al(n = p))
(n=p)C(Br + Bi(n = p)) ... T(Bm + Bm(n —p))

(1.6) On =
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For convenience, we write

(17) e[al]f(z) = e[(ala Al)v 000y (ala Al); (ﬁlv Bl)v SO (ﬂ"ﬂ Bm)]f(z)

Indeed, by setting A; = 1(j = 1,...,1), B; = 1(j = 1,...,m) and p = 1 the linear operator
Ola], leads immediately to the Dziok-Srivastava operator [2] which contains, as its further special
cases, such other linear operators of Geometric Function Theory as the Hohlov operator, the
Carlson-Shaffer operator [1], the Ruscheweyh derivative operator [6], the generalized Bernardi-
Libera-Livingston operator, the fractional derivative operator [8]. See also [2] and [3] in which
comprehensive details of various other operators are given.

Motivated by the earlier works of [2, 4, 5, 7, 9, 10] we introduce a new subclass of p-valent
functions with negative coefficients and discuss some interesting properties of this generalized
function class.

For0<A<1,0<a<1land0<g<1, welet W,(\, a,f) be the subclass of A(p) consisting
of functions of the form (1.1) and satisfying the inequality

.7)\(2) —1

(18) Ia(2) + (1 —2a) <P (z€U)
where
(1.9 () = (- 2E), Olnlfe)

Olay]f(2) is given by (1.7). Further let WT (A, o, ) = Wp(X, @, B) N T'(p), where

(1.10) T(p) = {f e A(p) : f(z) =2F — Zanz”, an >0; z€ U} .
n=k

The purpose of the present paper is to investigate the coefficient estimates, extreme points,
distortion theorems and the radii of convexity and starlikeness of the class W7 (A, o, ).



2. COEFFICIENT BOUNDS

In this section we obtain coefficient estimates and extreme points of the class WT (A, a, ).

Theorem 2.1. Let the function f be defined by (1.10). Then f € WT ,(\, v, B) if and only if

o0

(21) Z(p+n)\—p)\)(1+/8)onan < 2p/6(1 _a)'

n=k
Proof. Suppose f satisfies (2.1). Then for z € U we have
|Tn(2) — 1| = BT (2) + (1 — 20|

= ‘— Z pArr—p) n;\ —pA) (14 B)onanz"7?

n=k
2 (p4nA—pN) _
—B112(1—a)— —————0,a,2" 7
B|2(1-a) 22; ;
< Z (pArA=p) Onan —208(1 — a) + Z (pnd—ph) Bonan
n=~k p n==k p
=> W[l + Blona, — 26(1 — @) < 0.
n=~k

Hence, by maximum modulus theorem and (1.8), f € WT (), «, §). To prove the converse assume

that
_ N (prnA=pA) n—p
Yook OpQnZ
b < g, zeU.

20—0a) =00, Wananz"‘?’

‘ j)\(z) -1
Ixn(z) + (1 —2a)




Thus
oo (ptnA—p)) Aoz P
(2.2) Re {2( 2ok } < B,

o p+nA—pA _
1—a)=> ", (ptnA-ph) - ) 6y 2P

since Re(z) < |z| for all z. Choose values of z on the real axis such that Jy(z) is real. Upon
clearing the denominator in (2.2) and letting 2 — 1~ through real values, we obtain the desired

inequality (2.1). O
Corollary 2.1. If f(z) of the form (1.10) is in WT ,(\, o, 3), then
2pB(1 — @)
2.3 n < , =kk+1,...,
23 S Grm oA, PR
with the equality only for the function
2pB(1 — @)
2.4 =2P— " =kk+1,...,.
Theorem 2.2 (Extreme Points). Let
fp(2) = 2P and
(2.5) » 2pB(1 - a)
- (2) = 2P — n =k k+1,....
R Ty ey R
Then f(z) is in the class WT (X, a, ) if and only if it can be expressed in the form
(2.6) F(2) = wp?” + Y pnfa(2),
n==k

where pn, >0 and pp + Y 0oy pn = 1.




Proof. Suppose f(z) can be written as in (2.6). Then

- = 2pB(1 — o) n
f(2) = ppa? — T;c“" [zp T A —pN L+ Blon

_ i 2pB(1 — a) "

2 ax = pN I+ Blon

Now,

oo

(p+nA —pA)[1 + Blow 2p3(1 — a)
,; 2pB(1 — a) Fn o T nr — ph[L + Blon

00
:Zﬂnzl_ﬂpfl-

n=~k

Thus f € WT (X, o, 3). Conversely, let us have f € WT (A, o, §). Then by using (2.3), we set

_ (p+nA—pN[l + Blona,

and p, =1—3 77, ptn. Then we have (2.6) and hence this completes the proof of Theorem 2.2. [

3. DISTORTION BOUNDS

In this section we obtain distortion bounds for the class W7 (A, @, 3).




Theorem 3.1. Let f be in the class WT ,(\, o, 3), |2| =7 <1 and ¢, = (p + n\ — pN)o,. If
the sequence {cy} is nondecreassing for n > k, then

p_ 2pB(1 — )
(3.1) ' (p+k)\—p)\)[1+ﬂ]ak7’k§ If(2)]
0 <rP 4 2p,3(1 — a) ,rk
a @+ kA — PN+ Blos
p—1 _ 2pkB(1 — ) - /
(32) " 1 (p+k)‘_p)\)[1+ﬂ]gkrk 1§|f (z)|

2pkB(1 — o) ph—1
(p+ kX —pA)[1 + Blok
The bounds in (3.1) and (3.2) are sharp since the equalities are attained by the function

_ o 2pB(1 — a) K
(3.3) JC) =2~ o — o+ Blor”

Proof. In the view of Theorem 2.1, we have

<prfTh+

o0

2pB(1 — a)
(3.4) 2o < TR = p o

n=~k

Using (1.10) and (3.4), we obtain
oo o0
l? ~ 12 3 an < SR < [+ |2
n=k n=k

5 2pB(1 — ) 2pB(1 —«a)
(p+ kX — pA)[1 + Blok (p+ kX —pA)[1+ Bloy

(3.5)

P — <IfE) < Pt




Hence (3.1) follows from (3.5). Also,

2pk[(1 — @)
(p+ kX =pAN)[1 + Bloy

oo
/(@) < pret 40P Tnay < preTt bl

n==k
Similarly, we can prove the left hand inequality given in (3.2) which completes the proof of the
theorem. 0

4. RADIUS OF STARLIKENESS AND CONVEXITY

The radii of close-to-convexity, starlikeness and convexity for the class W7 ,(\, a, ) are given in
this section.

Theorem 4.1. Let the function f(z) defined by (1.10) belong to the class WT ,(\, at, 3). Then
f(2) is p-valently close-to-convex of order § (0 < 4§ < p) in the disc |z| < r1, where

. (p—=0)(p+nA—pA)[1+ 0] o, 7
4.1 := inf .
(1) L ﬁ%k [ 2pnB(1 — «)
Proof. The function f € T(p) is close-to-convex of order 0, if
"(z
(4.2) J;p(_l) = p‘ <p—0.

For the left-hand side of (4.2) we have

/ P s B
2O 3] < 3 nanlir,
n==k




The last expression is less than p — ¢ if

o

> I%anIZI""’ <L

n=~k
Using the fact that f € W7 ,(\, a, ) if and only if

o

(p+nX —pN)[1 + Blonan
X 2pB(1 — )

S]-,

n=~k
we can say (4.2) is true if

. 2pB(1 — a) '

n n—p
=l

Or, equivalently,

|Z|n—p _ (p_é)(p_'_n)‘_p)‘)[l_"ﬁ] On
2pnB(1 — o)
which completes the proof. |

(41 < ) s
RIS
Cl _ _ n
Y TR TEY AR

Theorem 4.2. Let f € WT ,(\, o, 3). Then
(1) f is p-valently starlike of order § (0 < d§ < p) in the disc |z| < ro; that is, Re {%} > 4,

2pB(1 — ) (k+p—9)

n>k




(2) f is p-valently convex of order § (0 < § < p) in the disc |z| < rs, that is Re {1 + z}c,’;(g)} > 0,

(|z| < r3) where

r3 = inf
n>p+1

{(p—6><p+m-px)[1+mon}%
2nB(1 — a)(n — 9) '

Proof. (1) The function f € T'(p) is p-valently starlike of order ¢, if

2f'(2)
f(2)

(4.3) —p|<p-—6.

For the left hand side of (4.3) we have
L) | T
=

f(2) Yk an |2l
The last expression is less than p — ¢ if
oo
-6
Z o 5an|z|" <L
n=~k p=

Using the fact that f € WT (A, o, §) if and only if

=, (p+ 1) = pA)[1+ B)ontn
D (R

we can say (4.3) is true if
n—5| "< (p+nX\—pN)[1+ Blon
~0 2pA(1 - a) '




Or, equivalently,
(p=38)(p+nA—pA)[1 + Blon
2pB(1 —a)(n —9)

2" <
which yields the starlikeness of the family.

(2) Using the fact that f is convex if and only if zf” is starlike, we can prove (2), on lines similar
to the proof of (1). O

Remark. In view of the relationship (1.3) the linear operator (1.5) and by setting A; = 1
(j=1,...,1) and B; = 1(j = 1,...,m) and specific choices of parameters [,m, a1, 31 the various
results presented in this paper would provide interesting extensions and generalizations of p-valent
function classes. The details involved in the derivations of such specializations of the results
presented here are fairly straightforward.
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