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FULLY DISCRETE APPROXIMATION OF A THREE COMPONENT
CAHN-HILLIARD MODEL.

FRANCK BOYER* AND SEBASTIAN MINJEAUDf

Abstract. In this paper, we investigate numerical schemes for solving a three component Cahn-
Hilliard model. The space discretization is performed by using a Galerkin formulation and the finite
element method. For the time discretization, the main difficulty is to write a scheme ensuring, at the
discrete level, the decrease of the energy. We study three different schemes and propose existence
and convergence theorems. Theoretical results are illustrated by the simulations of a spreading lens
between two stratified phases.
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1. Introduction. Multiphase flows are involved in many industrial applications.
For instance, in nuclear safety [11], during a hypothetical major accident in a reactor,
the degradation of the core may produce multicomponent flows where interfaces un-
dergo extreme topological changes, e.g. break-up and coalescence. Because of their
ability to capture interfaces implicitly, diffuse interface models are attractive for the
numerical simulation of such phenomena. They consist in assuming that the interfaces
between phases in the system have a small but positive thickness. Each phase 7 is
represented by a smooth function ¢; called the order parameter. The evolution of the
system is then driven by the gradient of the total free energy, which is a sum of two
terms: the bulk free energy term with a “multiple-well” shape and the capillary term
depending on the gradients of the order parameters and accounting for the energy
of the interfaces, that is the surface tension. For two phase flows, there are many
studies in the literature but generalizations of diffuse interface models to any number
of components were only recently introduced and studied [1, 2, 3, 4, 7, 8, 9].

In this paper we investigate numerical schemes for solving the three component
Cahn-Hilliard model fully derived and studied in [4]. We simply recall its main prop-
erties in Section 2. Thanks to the relevant choice of the free energy, one of the key
features of this model is its exact coincidence with the diphasic Cahn-Hilliard model
when only two phases are present in the mixture. Furthermore, it is able to account
for some total spreading situations (see Section 5.1).

The space discretization is performed by using the finite element method. For the
time discretization, the main difficulty is to write a scheme ensuring, at the discrete
level, the decrease of the energy which is crucial to establish the existence and the
convergence of the approximate solution. In some physical situations, the implicit
Euler time discretization does not satisfy an energy inequality and the corresponding
numerical solvers do not converge. To tackle this issue, semi-implicit schemes are
proposed and studied in Section 3.

In Section 4, we state a convergence theorem. This result enables to get a proof
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144 F. BOYER AND S. MINJEAUD

(different from [4]) of the existence of a weak solution of the Cahn-Hilliard model,
thanks to numerical schemes. Note that more general boundary conditions are con-
sidered since the proof is here available for Dirichlet boundary conditions on the order
parameters. Finally, in Section 5, the three schemes are numerically compared on the
spreading of a lens between two stratified phases.

2. Ternary Cahn-Hilliard model. We consider the following ternary Cahn-
Hilliard model:

; M,
9 g (Mg ) fori—123,
ot PP
; (2.1)
pi=fl(e) = Je%ide; ,  fori=1,2,3,

on R, x ), where Q is a regular bounded domain of R? with d = 2 or 3. The unknowns
are the three pairs of order parameters and chemical potentials (¢;, u;), ¢ = 1,2,3.
The function fI is defined by

o=y (5 @r@-ore).

J
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where — = — + — + —. Note that the model (2.1) ensures that, at any time
D7D SEED 3D S )

t € Ry, and for almost every x € Q, the vector c(t,z) = (c1(t, z), ca(t, x), c3(t, x))

belongs to the hyperplane S of R? defined by
S={(c1,c2,c3) ER’;e1 + o+ c3 =1},

provided that the initial condition (at time ¢ = 0) lies in S for almost every points of
). Hence, one of the pairs of unknowns can be arbitrarily eliminated from the system.
The parameter € > 0 accounts for the interface thickness. The coefficient My(c) is a
diffusion coefficient called mobility which may depend on ¢ = (c1, ¢a,c3). We assume
that:

My is a Lipschitz continuous bounded function such that inf My > 0. (Har)
The triple of constant parameters ¥ = (X1, 3o, Xi3) is defined b?}ei- =04+ 0ik — Ojk,
for all i € {1,2,3} where 012, 015 and 093 are the prescribed surface tensions between
the different phases. Following [4], the bulk energy F is chosen in the following form:

F(c) = algc%cg + 013c§c§ + 023c§c§ + c1cac3(E101 + Boco + X3cs) + 3Ac§c§c§, (2.2)
——

Fo(c) P(c)

where A is a positive constant. It is proved in [4] that the term P is mandatory for
the system to be well-posed in total spreading situations. Note that the bulk energy
F satisfies the following general assumptions which will be useful in existence and
convergence theorems:

F is non negative, of C? class and there exist a constant B > 0 and a real p

such that 2 <p< +o0ifd=2, or2<p<6if d=3, and, for all c € S, (Hr)

[F(e)] < B(1+[cf), [DF(c)] < B(L+[c]"™"), [D*F(c)| < B(1+[¢["™%).

This model was fully derived and studied in [4]. The evolution of the order
parameters ¢; is driven by the minimisation of the following free energy:

3
i 12 3
fgg}h(cl’c%%) = /Q ?F(CDCQ;CS) + g&EEHVCﬂQ dx.



NUMERICAL SCHEME FOR A TERNARY CAHN-HILLIARD MODEL 145

An important feature is that the coefficient 3;, whose opposite S; = —X; is well
known in the physical literature [10] as the spreading coefficient of the phase i, is
not assumed to be positive. Therefore, the model (2.1) let us cope with some total
spreading situations (Section 5.1). However, as shown in [4], in order to have a well-
posed system, we need to assume that the following condition holds:

Y120 4+ 2123 + 2z > 0. (Hz)

We supplement the system (2.1) with mixed Dirichlet-Neumann boundary con-
ditions for each order parameter ¢; and with Neumann boundary conditions for each
chemical potential u;. That is, for i = 1,2, 3,

¢; =¢ip, MoVp; - n=0, on 'y, and Ve¢;-n= MyVy; -n=0, on ', (2.3)

where the boundary I' of the domain €2 is divided into two distinct parts I' = I', U
3
and ¢p = (e1p,c2p,c3p) € (Hﬂl")) is given s.t. cp(z) € S for a.e. x €T,
REMARK 2.1. The Neumann boundary conditions for u; ensure in particular the
conservation of the volume of the phase i. The Dirichlet boundary conditions for c;,
less classical, are used to simulate bubble-train flows (when the Cahn-Hilliard model
is coupled to the Navier-Stokes equations [4]).
Finally, we assume that, at the initial time, we have

ci(0,-) = ¢} (2.4)

where ¢® = (c?,c9,c9) € (Hl(Q))3 is given s.t. c’(z) € S for a.e. x € Q.

3. Numerical schemes and energy estimates. For time discretization, we
use a semi-implicit discretization with a special care for nonlinear terms. Let N € N*
and ty €]0,400[. The temporal interval [0,¢f] is uniformly discretized with a fixed

t
time step At = Nf For n € {0,..., N}, we define t,, = nAt.

For the space discretization, we use a Galerkin approximation and the finite ele-
ment method. Let V5 and V), h > 0, be two sequences of finite element approximation
subspaces of H!(2). We assume that they contain constants:

1eV; and 1€V, Vh>O0. (Hy,)

Since order parameters satisfy non-homogeneous Dirichlet boundary conditions on
I',, we use ¢! as a lifting of ¢;p in V¢, and we assume that functions ¢¥, € V5 are
given for all ¢ € {1,2,3}, for all h > 0 such that

ch(z) €S, Vh >0, ae. z €Qand |c) 0.

0
-¢ ‘(Hl(sz))3 b0
9. can be obtained from ¢? by H*(Q)-projection or, as this is the case
in practice, by finite element interpolation provided that ¢ is smooth enough. Note

that the above property is then satisfied thanks to (H]l,h). We define the following
spaces:

These functions ¢?

c _ c c., ., ,C __ c ci _ 0 c
Vbno = 1vh € Vi;v, =0on I'p}, Von = ¢in + Vbn o

Vbh.s = 1¢n = (cin, can, can) € Vi, X Vi, X Viyicn(z) € S for a.e. x € Q}.
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Required approximation properties can be expressed as follows:

inf [V — v — 0, VUH € VI,
eV RTHLS) o

: (6] C (6] C (H%h)
inf [V = Vil ) — 0, W € Vi,
Vi €Vbh0 h—0 ’

We assume that cj; € V), s is given and the scheme is then written as follows:

PROBLEM 3.1. Find (cp™, pith) € V8, s x (V) such that Vv, € Vi, .
Vit € Vi, we have, fori=1,2,3,

7_z+1 _an M n+1
/ T ——) AL i vy de = —/ —0h (;h )V,u?h‘s'1 -Vl du,
Q Q (31)

3
/ pit g de = / Df (e, ey vy da +/ fElvch?thﬁ -Vuj dx,
Q Q o4

43 1
where D (a,b) = ?T (2 (df (a,b) — d} (a, b))) , V(a,b) € S%.
g#i ~

The functions df” represent a semi-implicit discretization of 9., F. In order to
ensure consistency we assume that

F ), vees. (HLr)

d¥(c,c) = ae.

Since we have a natural splitting of F': F = Fy+ P in (2.2), we choose a discretization
of the form df' = df* 4 d where d® and dF are discretizations of 9., Fy and 9, P
respectively. The different choices of df ° and df’ are given and discussed in Sections
3.2 to 3.5.

REMARK 3.2. Assumption (H},h) allows to take v}, =1 in the first equation of
(3.1). This yields the phase volume conservation property at the discrete level.

3.1. Energy estimate. In this section, we give the energy estimate, at the
Cin - —

At

discrete level, which is obtained from (3.1) by using v}! = pl,t" and v§ =

as test functions.
PROPOSITION 3.3 (General energy estimate). Let ¢ € V3, 5. We assume that

there exists a solution (i, ™) of Problem (3.1). Then, the following equality
holds:

,E

triph n+1 triph/ n & MO(C;LH_l) n+1|2
Faioh(epthy — FEh(ep) + ALY o Vit de
i=1 v

3
+ %5/ ZEJVCZF - Vc?h|2dx =
Q=1

12 [F(CZH) — F(cp) — dF(cZ,cZH) . (CZ+1 — cﬁ)] dx (3.2)

€ Ja
where d¥ (-, -) is the vector (dF (-,+))i=12,3-
The three first terms on the left hand side are exactly the discrete counterpart

of the terms involved in the continuous energy estimate. The last term on the left
hand side is a term of numerical diffusion which is very useful in the proof of the
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convergence theorem to obtain a suitable bound for the discrete time derivative of
c. Notice that the condition (Hyx) implies that the last two terms on the left hand
side are non negative [4, Prop. 2.1]. The right hand side explicitly depends on the
choice of the discretization d*'(-, -) of the nonlinear terms. To obtain a useable energy
estimate and then prove existence and convergence results, we have to control this
term.

3.2. Implicit scheme. The implicit discretization corresponds to d*(a,b) =
VFy(b). We do not have Fy(b) — Fy(a) —d®(a,b) - (b —a) < 0, since this inequality
would mean that Fy is convex. Nevertheless, in the case where all 3, are positive,
the following proposition gives a bound independent of ¢"*! and p"*!. Note that
this bound holds for all At > 0 and will be useful to prove the existence of discrete
solutions.

PROPOSITION 3.4. Let cjy € Vp, 5. We assume that %; > 0, Vi € {1,2,3} and

that there exists a solution (CZH,/J,Z‘H) of Problem 3.1. Then, there exists a positive

constant K 12 <i depending only on X and cj such that:
[ [Fa(e™) = Fulep) = VEseh™) - (e = ef)] do < KT F,
Q

Unfortunately, this bound is not sufficient to prove convergence results. In the
following proposition, we give an energy estimate obtained by controlling the right

hand side of (3.2) by a term of the form [, 2?21 Ei’c?hﬂ - c?hf dx. Then, this term
can be bounded for At small enough and under the following assumption:

Vi C Vi (H3,)
PROPOSITION 3.5. Let ¢y € Vi, 5. We assume that £; > 0, Vi € {1,2,3}, that
the conditions (Har) and (H3, ) hold and that there exists a solution (cp Tt upth) of
3
Problem (3.1). Then, as soon as At < c , we get, for A =0,
24| Mo|

: : At S~ [ My(cth 5
riph/ n riph, n 0 n
P~ PR + 5 Y [ U v s
i=1 ¢
3 5 2
+ 165/52;24%%“ — Ve | dr < 0.

3.3. Convex-Concave scheme. The polynomial approximation of the diphasic
Cahn-Hilliard potential f(c) = ¢?(1—¢)? can naturally be decomposed into two parts,

1\ 1
a convex one and a concave one, as follows: f(z) = <x - 2) + 6 (1—2(2z —1)?).
———
F+(z) f=(z)

Since Fy(c) = E?:l i f(¢;), for all ¢ € S, the above decomposition of f leads to a
natural decomposition of Fy. However, this is a convex-concave decomposition only
in the case where all ¥; are positive. This leads to the choice

df*(a,b) = VE, (b) + VF; (a),

3
with F(c) = Z;ﬁ(ci) and Fy (c) = Z%f’(q). We get F(b) — F(a) —

dfo(a,b) - (b —a) <0, for all At but only when all 3; are positive.
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3.4. Semi implicit scheme. The convex-concave discretization and the im-
plicit discretization presented in the previous subsections do not ensure an energy
estimate when one of the ¥; is negative, that is in the case of total spreading (Section
5.1). Hence, we propose a semi-implicit discretization built in order to obtain, for all
(a,b) € 8%, Fy(b) — Fy(a) — X0, d*(a, b)(b; — a;) = 0.

For ¢ = 1,2,3, we define §; = b; — a; and we try to write Fy(b) — Fy(a) as
a sum of terms containing &1, d, or ds in factor. Since Fy(cy,c2,c3) = o1acics +
Ulgc%cg + 023c§c§ + c1ea03 (X101 + Yaca + Xsces), it is sufficient to separately consider
terms of the form b7b;b, — a?ajar with (i,j,k) € {1,2,3}>. We use the identities
a% = bf —(a; +b;)6; and a; = b; —§; in order to introduce §;, §; and 6y, in the formula,
we obtain:

b?bjbk — afajak = (ai + bi)ajakéi + bfakéj + bfbjék
Hence, we define the following consistent approximation of the non linear terms for
each i € {1,2,3}:
%
d{*(a,b) = bi+al [(b + br)? + (a; + ax)?]
> b
+ f(b? +a3)(bi + b + a; + ag) + Tk(bi +a;)(b; +bj + a; + a;).

Thanks to Proposition 3.3, we can conclude that an energy estimate holds for all At
and even if one of the ¥, is negative, provided that condition (Hs) holds.

3.5. Discretization of P. We do not have a natural convex-concave decompo-
sition for this term. Hence, we use the same kind of calculation as in the previous
subsection. We define

1 1
df (a,b) = 2Ab; |alaj + §b§a§ + §a§b§ +b2b; | -

Thus, we get a consistent approximation satisfying for any (a,b) € S2,
P(b) — P(a) — d¥ (a,b)s; — dF (a,b)dy — df’(a,b)ds < 0.
4. Existence and convergence. This section is devoted to presenting existence
and convergence theorems for the discrete solution.
4.1. Existence. Now we state general assumptions on the discretization of non
linear terms df’ : R? x R? — R3:
d¥ is of Clclass and there exist a constant B > 0 and a real p such that
2<p<+4oc0ifd=2 orp=6if d=3, and for all i € {1,2, 3},
2
|df (a,b)| < B (1 tlaPt |b|p—1> , VY(a,b) e 8% (Hgr)
D (dF (a, ) (b)| < B (1 a2+ |b|p_2> , V(a,b) e 8%
Note that these conditions are satisfied by all the schemes presented in the previ-

ous section. The existence of the solution of discrete Problem (3.1) is based on the
topological degree lemma using the discrete energy estimate (3.2).
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THEOREM 4.1 (Existence of a discrete solution). Let ¢} € Vg, be given. Assume
that properties (Hs:), (Har), (Hr), (H3r), (Hy, ) hold and that there exists a constant

Klz’cﬁ (depending possibly on c}t) such that, for all c, € V5,
/ [F(cp) — F(cp) — df (¢ cp) - (chn — cp)] dz < Klz’ch. (4.1)
Q

Then, there exists at least one solution (¢}, i) € Vg, x (V)3 of Problem (3.1).

4.2. Convergence. For each N € N, we introduce piecewise linear functions
defined on [0, 1], as follows:

tnsr —t t—t, . ,
ey (t, ) = "thfh() + Ttnc?hﬂ(')a pn(t, ) = (), it Eltn, togal.

For the proof of the convergence Theorem, we need to assume that the finite element
approximation spaces satisfy:

There exists a positive constant C' independent of h such that :

Yk € Vi, ]H}jf‘f(yﬂ)

m
w S OV ey (M)

"
where th denote the L?(9)-projection on V.

This property is satisfied e.g. by Lagrange finite element approximation spaces ob-
tained from quasi-uniform meshes.

THEOREM 4.2.  Assume that properties (Hx), (Hum), (Hr), (H3r), (H3,),
(H3,), (4.1) hold and that there exists a constant C > 0 such that, for alln € N,

FEP ) — R +C

3 n+1
AtZ/QMO(;? )|v:u?h+1’2ddf
i=1

3
+ 25/ ZZi‘Vc?hH - Vc?h‘zdx] <0. (4.2)
Q=1

Then, there exists hog > 0 and positive constants Ki, K5, independent of At and
h such that, for all h < hg, we have

N-—1 3
2
sup [l e + D A0 s o) < KT
ns n=0 =1

N-1 3
At ALY
n=0 =1

The bounds given in theorem 4.2 enable to prove the following convergence result
by using compactness properties.

THEOREM 4.3. Assume that conditions (Hs), (Ha), (Hr), (Hir), (H3r),
(Hy,), (H3,), (H3,), (4.1) and (4.2) hold. Consider Problem (2.1) together with
the initial condition (2.4) and boundary conditions (2.3). Then, there exists a weak
solution (c, u) on [0,ts[ such that

c € L(0,t5; (HY(2))*) N CO([0,¢4[; (LI(Q))?), for all ¢ < 6,
p e L2(0,t5; (H'(Q))?),
c(t,x) € S, forae. (t,z) € [0,tp[xQ.

2 N-1 3 2

+Y ALY

HY(Q)  n=0 i=1

n+1 n
Cin _ — Cin

< KE.
At 2

C?h“ — i
At (H1 Q)
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Furthermore, for all sequences (hx)xen+ such that hy P 0, the sequences
— 400

(CflyK)(MK)e(N*)? and (u;IYK)(N,K>e(N*>2, defined by (3.1), satisfy, up to a subsequence,
the following convergence properties as min(N, K) — 400 :

c;lyK —c in CO(O,tf, (L9)3) strong , for all ¢ <6,
pro—p o inL2(0,ty, (H")?) weak .

REMARK 4.4. Under an additional assumption on the Hessian of the Cahn-
Hilliard potential F, it is shown in [4] that the model (2.1) has a unique weak solution.
In this case, we can conclude that the convergence in the above theorem holds for the
entire sequences (cjy _, iy ).

REMARK 4.5. Assumptions (4.1) and (4.2) are always satisfied for the semi-
implicit scheme provided that (Hsx) holds. Furthermore, these assumptions hold for
the convex-concave and implicit schemes when all the X;, i = 1,2, 3, are positive.

5. Numerical experiments. In this section, we illustrate the properties of the
three schemes with the spreading of a liquid lens between two stratified phases in
two dimensions. We use the following values for the parameters: Q = [—0.4,0.4] x
[-0.3,0.3], ty =5, e = 1072 and a constant mobility My = 10~%. The initial data c®
is given by () = 1[1 + tanh(2 min(|x|, 22))], ¢}(x) = $[1 — tanh(2 max(—|z|, 22))]
and c3(z) =1 — c1(z) — ca(x) where & = (21, 72) € Q. This corresponds to an initial
spherical captive bubble of phase 3 between the two stratified phases 1 and 2. We use
the same space discretization for all the simulations: @Q; Lagrange finite element on
square local adaptive refined meshes [5] (four cells in the interfaces).

5.1. Partial spreading. In this subsection, we take o012 = 1, 013 = 0.8 and
023 = 0.4. In this case, all the X;, ¢ = 1,2, 3, are positive. We take A = 0, so that the
Cahn-Hilliard potential is F' = Fj.

13 = 129
120K, 128 [y
1.28 | Sng v
Soo 127 [
5 1z ) 5 S 1m %" g
5 12 ) 5 5
1.25 125
1.24 124
1.23 123
0O 1 2 3 4 5 6 0o 1 2 3 4 5 6 6
time time time
(a) Convex-Concave (b) Semi-Implicit (¢) Implicit
13 13 13
[ Convex-Concave —=— Convex-Concave —s— Convex-Concave —s—
129 f Semi-Implicit -m-- 129 Semi-Implicit - 129 Semi-Implicit -
1.28 “a Implicit > 1.28 1 Implicit > 1.28 A Implicit -
& 127 [N S, B 127 s 3 127 3
o} " e o} N o]
e 12 ., e 12 2 12
125 . 125 125
124 124 1.24
1.23 1.23 1.23
0O 1 2 3 4 5 6 0O 1 2 3 4 5 6 0O 1 2 3 4 5 6
time time time
(d) At=10"1 (e) At =102 (f) At =5.10"3

Fic. 5.1. Time evolution of energy in a partial spreading situation

In Figure 5.1, we show the discrete energy ngfh(c}i) as a function of time

tn € [0,t7]. For each of the three schemes, we performed three simulations with
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At = 107!, 1072 and 5.1073. The nine results are presented in two ways: Figures
5.1(a), 5.1(b) and 5.1(c) compare the decrease of the discrete energy for the different
time steps, using the same scheme, whereas Figures 5.1(d), 5.1(e) and 5.1(f) show a
comparison between the three schemes, using the same time step. Since no analytic
solution of the system (2.1) is available, the exact profile of the energy decrease is not
known. However, in each of the three figures 5.1(a), 5.1(b) and 5.1(c), the sequence
of curves tends to a limit shape when the time step decreases. For the impicit scheme
(Fig. 5.1(c)), the decrease of the energy is the same for the three considered time
steps. This is the reason why we consider the discrete solution obtained with the
implicit scheme as a reference solution. Thus, Figures 5.1(d), 5.1(e) and 5.1(f) show
that semi-implicit scheme gives significantly sharper result than the convex-concave
one.

Convex/Concave (\\)' ﬁﬁ/:\\/ﬁ 4,%

\\_//
\\\ ~ /‘\\
P . s \ — \ — — \ e
Semi-implicit \v/)ﬁ \(: _G— —_
7\ o~ N
Implicit =L *\(\//\/* 7\\6/,7
At =101 At =102 At =5.1073

F1G. 5.2. Interfaces position at time ty = 5, partial spreading situation

Figure 5.2 shows the influence of the truncation error on the bubble form at the
simulation final time ¢t¢;. With the implicit scheme, the same form is obtained for
the three time steps. For large time step, the convex-concave scheme do not give
the bubble form which is expected. This phenomenon is reduced by the use of the
semi-implicit scheme.

5.2. Total spreading. In this subsection, we take o150 = 1, 013 = 1 and 093 = 3.
In this case, ¥; is negative but the condition (Hyx) holds. It corresponds to the case
of the extraction of the bubble (Figure 5.4): at the steady state the bubble is entirely
within one of the other phases. We take A = 7. 1In Figures 5.3 and 5.4, we present

185 = 15 s
18 At=105 - = At=103 - =
- At=5100- ¢ - 1.495 At=5107— ¢ -
175 At=10°—=— At=10°—8—
> 149
5 ) ;
o 9] 1.485
5 5
148
1.475
147
1 12 14 16 18 2
time time

Fic. 5.3. Time evolution of energy for the semi-implicit scheme in a total spreading situation

the results obtained thanks to the semi-implicit scheme for At = 1072, 5.1072 and
1073, For theses time steps, the Newton iteration at the first time step does not
converge if we use the convex-concave or the implicit scheme. Implicit scheme enables
to perform simulations only for At < 10~%. For the semi-implicit scheme, such time
step are not required since the limit profile of the energy decrease is achieved from
At =5.1073 (Figure 5.3) and the final bubble shapes (Figure 5.4) are similar for the
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~ ~N Y 3
Semi-implicit \\\f ‘\Q % *\\\i /—
At =102 At =5.10"32 At =103

F1G. 5.4. Interfaces position at time ty = 5, total spreading situation

three considered time step. Hence, the semi-implicit scheme can be used to perform
simulations with At = 5.1072 avoiding the further computational cost due to smaller
time steps.

6. Conclusion. We propose here a full discretization of the ternary Cahn-Hilliard
model taken from [4]. Three time schemes are compared. At the theoretical level, for
the implicit scheme and the convex-concave one, we are able to show the convergence
of the discrete solution only in the case of partial spreading (all ¥; > 0). The semi-
implicit scheme enables to show the convergence even in the case of total spreading
(provided that the condition (Hx) holds). In practice, for partial spreading situation,
the implicit scheme is the more accurate and the semi-implicit one enables to reduce
the truncation error compared with the convex-concave one. For total spreading sit-
uations, we observe in some numerical computations that the implicit scheme can be
ill-posed if the time step is not small enough whereas we can prove that the semi-
implicit scheme is well-posed. Using the implicit scheme requires smaller time step,
thus leading to a further computational cost. The complete proofs of all the results
in this paper and further numerical experiments are presented in [6].
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