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CARATHEODORY SOLUTIONS TO QUASI-LINEAR HYPERBOLIC
SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS
WITH STATE DEPENDENT DELAYS

AGATA GOIASZEWSKA* AND JAN TUROf

Abstract. The paper (based on the article [3] under the same title) addresses the existence of a gen-
eralized solution and continuous dependence upon initial data for hyperbolic functional differential systems
with state dependent delays. The method used in this paper is based on the bicharacteristics theory and
on the Banach fixed point theorem. The formulation includes retarded argument, integral and hereditary
Volterra terms.
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Let C(U,V) be the class of all continuous functions defined on U and taking values in
V. Let R-i— = [07+OO)7 B = [_b070] X [_b7 b]a E, = [_b07a] X Rn’ where bO € R+7b € Rg—a
a >0, M, means the set of all n x k real matrices, and let Q = [0,a] x R™ x C(B,RF¥).
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Assume that

A:Q — My, A= Alg e

p:Q— My, p = Pijli=1,... kj=1,...n,

Q= Mixa, f=U )7
and

Z(t,a) 1 B — R, 2t,0)(Tyy) = 2(t + 7,2 + y),
where (7,y) € B. The symbol
B (tw2(t2))
means the restriction of function z to the set
[Co(t) — bo, Co(t)] X [Cu(t, 2, 2(,2)) — b, Cu(t, T, 2(2,)) + B,
where
C@z,w) = (G), & z,w),  G:[0,a] =R, (o :Q—RY,
and this restriction is shifted to the set B. Let
P(t, 2, w) = (Yo(t), Yu(t, 2, w)),

and

O(t,z,w) = (0o(t), 0x(t, z,w)).
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S Ayt 20(0mm0 ) [thj (62) + 3 patlts 20,50 .1)) Din s (1, 7)
Title Page = =1

1
= fz(tv x, z¢(t,z,z(t,m)))’

Contents
z2(t,x) = p(t,x) on Ey,
where ¢ is a given initial function and the symbol D; means the partial derivative %.

The function
z € C(E,,R"), c € (0,al,
is a solution of (1), (2), if
(i) derivatives Diz;, Dyz;, i = 1,..., k, exist almost everywhere on [0, ¢] x R™;
(ii) z satisfies (1) almost everywhere on [0, ¢] x R™;
(iii) condition (2) holds.
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We define different norms:
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where
UEkan, uiz(uﬂ,...,um), izl,...,k,
and

[n]l = max {|n;] : 1 < i <k},
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where

neRrR", n=

(ML, Mk)-

Let C, (B, RF) be the class of all functions w € C(B,R¥), such that

lwllz = sup {Jlw(t,r) —w@ Pt =& + Ir = 7I)7" : (t7), (E7) € B,t #E,x # 3} < +oo.

For w € C(B,R*) we denote by ||w]||, the supremum norm of w. We define

lwlle.z = llwll« + flwllz,

We write

w € C,.(B,R¥).

C(B,R*;k) = {w € O(B,R*) : |w||s <},

C*‘L(B,Rk;lﬁ)) = {w € C’*.L(B,]Rk) lwllsr < m}.

where k € R;. We put

2]l = sup {[|2(7, y)l :

where z € C(E.,R¥), t € [0,¢], and ¢ € (0, a).

(1,y) € (0,8] x R"},
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We denote by J[A] the set of all functions ¢ € C(Ey, R™), such that
(i) ot 2)|| < Ao for (¢ ) € Ep;

(i) lo(t,z) — o, @)l < Mt — ¢ + Aoz —Z|| on Ep,
where )\0, )\1, Ao € R+, and A= Ao+ A + Ao

Let K, [d], where ¢ € J[\], and ¢ € (0,a], be the class of all functions z € C(E,, R¥),
such that

(1) Z(t,.’,l?) :QO(t,.’II) on Ep;
(ii) for (t,z), (¢,z) € [0, ] x R™ we have

ll2(¢, )| < do,
I2(t,2) — 2(£, )| < daft — T + da |z — 2],
where d; e Ry, and d; > \; for ¢ =0, 1,2, and d=dy+ di + do.
We denote by P the set of all nondecreasing functions v € C(R,, R, ), such that v(0) =

Assumption H[p]. Suppose that

(i) p(-,z,w) : [0,a] — My, is measurable for (z,w) € R" x C(B,R¥), and
p(t,-) : R® x C(B,R*) — My, is continuous for almost all ¢ € [0, al;

(ii) there exist ap, @1 € P, such that
lp(t, 2, w)|| < ao(x)

lp(t, 2, w) = p(t, 2, )| < ar(k)|llz = 2| + lw — @]

for (z,w), (z,w) € R* x C(B,R*; k), t € [0, a].
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Assumption H[i)]. Suppose that

(i) ¥s(-,z,w) : [0,a] — R™ is measurable for (z,w) € R" x C(B,RF),
and 1, (t,-) : R" x C(B,R¥F) — R is continuous for almost all ¢ € [0, al;

(i1) o € L(]0,a],R), —by < o(t) —t < 0 for almost all ¢ € [0,a], and there
exists 8 € P, such that

[9x(t; 2, w) = Pu(t, T, W) < B(w) ||z = Z[| + [ — @«

for (z,w), (z,w) € R™ x Cy.1(B,R¥; k) almost everywhere on [0, a].
Let ¢ € J[A], ¢ € (0,a], and z € K, .[d]. Consider the Cauchy problem

77/(7—) = pi(m,n(7), zv,b(r,'r](r),Z(.,.,,,(.,.))))a n(t) = =, (3)

where (t,z) € [0,c] x R", i =1,... k.
Let g;[2](:,t,x) be the Carathéodory solution of (3). The function g;[z] is the i-th
bicharacteristic of system (1) corresponding to z € K, .[d].

LEMMA 1 (proved in [3]). Suppose that Assumptions H|p], H[¢| are satisfied, and
o, ¢ € JA, z€ K, .ld], Z € Kg.[d], where c € (0,a], Then fori=1,...,k bicharacteristics
9i[2](-,t, @), and g;[Z](-, t, z) are defined on [0, c|, and they are unique. Moreover we have the
estimates

lgi[2l(7,t,x) — gil2](7, £, D) || < A(t,7) [ao(do)[t — ¢ + ||z — Z]] (4)

)
/|p—ag@
t

for (t?x)’(_’j) 6 [076] X Rn} T e [076]}

lgi[2)(7,, 2) — gil2](7, £, @) || < 1 (do)or(d)A(E, T) (5)
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for (1,t,z) € [0,c] x [0,c] x R™, where
01(d) =1+ daf(d), d>(d) =1+ daB(d) + d35(d),
A(t, ) = exp(ai(do)da(d)|t — T]).

Assumption H[A,6]. Suppose that
(i) A € C(Q, Mixr), and there is v > 0, such that det A(t, z, w) > v
for (¢,z,w) € Q;
(ii) the following estimates hold
[A(t, 2, w)]| < ao(k)
A(t, 2, w) — A(t, 2, @)|| < o () [l — Z[| + [lw — D],
for (z,w), (Z,w) € R"® x C(B,R*; k) t € [0, a);
(iii) there exists 3 € P, such that
16, ,w) 65,2, 8)]| < A) [~ 8 + llz — 2l + o — @],
for (z,w), (z,w) € R" x C, 1(B,R¥;k) t € [0,a] and

—bp < 6p(t) —t<0 on [0,a]

Assumption H|[f]. Suppose that
(i) f(,z,w):[0,a] — R* is measurable on R" x C(B,R*), and

f(t,-) : R* x C(B,R¥) — RF is continuous for almost all ¢ € [0, a];
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(ii) the following estimations hold
1f (¢ 2, w)|| < ao(k),
Title Page 1f (2, w) = f(t, 2, 0)|| < ar(r) [z = 2] + lw — @]

for (z,w), (z,w) € R* x C(B,R¥; k), t € [0,a].
We denote by U * V' the vector

wz(wl,...,wn>,

k
Ww; = E UqjVji, izl,...,k,
i=1
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as follows

where U = [uglij=1,..k € Mpxk, V = [vislij=1,..k € Mrxk.

fose s or v Suppose that ¢ € J[A], ¢ € [0,a], z € K, .[d], and g;[z] is a solution of (3). We denote
Go Back A[ga Z](Sa t? ZE) = Aij (s,gi[z](s,t, I)’ Ze(svgi[z](s7t7x)7z(s,gi[2](8%1)))):| 3. i k:,
L i,j=1,...,
dills.ta) = [pOpEELD)]
Full Screen - i,g=1,....k
Zlg. Aot = [alsgldote)]
L iG=1,.sk
T

f[ga Z] (37 ta .'E) = <fi(3’ gi [Z] (S? t’ [L‘), Z"/J(S:gi [z](S’tvw):Z(s,g-;[z](s,t,w))))>
i=1,....k

Assumption H[d]. Suppose that
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(1) dO > )‘07

(11) dy > Oéo(do)&l (do) [1 aF Azao(do)A(C, 0)] , where ¢ € (0, a],
(111) do > Ao [1 + a; (do)ao(do)].

For z € K, .[d] we define the operator

F[Z] (tv 1’) = A_l(t’ z, ZG(t,m,Z(t,w))) {A[gv Z] (07 t, :L‘) * ‘p[g](o’ L, :E)}

F A7 bt ) [ DA LD ¢ D A ) O
+ flg,2l(m )},
for ¢ € [0,c] x R™, ¢ € (0,qa], and
Flz|(¢t,z) = p(t,x) on Ey. (7)

LEMMA 2 (proved in [3]). Suppose that Assumptions H|p]|, H[¢], H[f], H[A,0], H[d] are
satisfied and ¢, @ € J[A]. Then there exists ¢ € (0,al, such that

F:K,. ld — K,.[d].

THEOREM 3 (proved in [3]). Suppose that Assumptions Hp|, H[¢], H[f], H[A,0], H[d]
are satisfied. Then for each @ € J[A] there exists ¢ € (0,a], such that problem (1), (2) has a
solution u € K, [d], and this solution is unique in the class K, [d]. If € J[X], and if u is

a solution of system (1) with the initial condition z(t,x) = @(t,z) on Ey, then there exists
M, € Ry, such that

lu—all; < Mc[lp =@l on [0,d. (®)
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Some special cases. Now we list below some examples of systems which can be derived

from system (1). Assume that

where Q = [0,a] x R” x RF.

Case I. Consider the operators

A:Q — Mgy,
PZQ_’kana
f:QHMkX:h

given by formulas

A =[Ailij=1,. k>
B = gl . iy

f: (.fl""?fk)Ta

A=A e

P = [pij]i:l,...,k,j:l,.‘.,TL’

f=0 7T,

A(t,z, w) = A(t, z, w(0,0)),
p(t,x,w) = p(t,z,w(0,0)), f(t, z,w)= f(tz,w(0,0)).

Let

Y(t, x,w) = @(t,m,w((), 0), 0t ,z,w)= é(t,x,w(0,0)),

and

é(tvwi((]?())) = &(tvwi(m 0)) = (7<t)’ (I)(t7xv ))7
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where v : [0,a] = R, ®:[0,a] x R® — R", and
—by < () —t < 0.
Then system (1) reduces to the system

k
Z Aij (t7 x, Z(V(t)v <I)(t, IE)))

j=1

: thj(t7 .’E) + Zpil(t’x7Z(W(t%q)(tax)))Dij(t)x)] = fi(taxa z(’)’(t)) q)(t’ .73))),
=1

where . =1,... k.
Case II. Suppose that functions A, p, f are given by following formulas
A(t,z,w) = fl(t,x,/Bw(T, y)dr),
plt,z,0) = it [ wlry)dn),

and

f(ta wi) = f(t,.’l?,/ lU(T, y) dT)
B
Put
F¢[t,CL‘,Z] = {(T7 y) € R1+n : '[/J()(t) - bO <7< "»Z)O(t)a

'1/1*(1‘5,33, z(t,m)) -b< y < 1/’*(t,33a z(t,x)) + b} y
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Fg[t,i,z] — {(T,y) € Rt . eo(t) —byp <7< Go(t),

Title Page 0u(t, %, 2(1,0)) — b <y < 0,(t, @, 2(3,2)) + b} -

Then system (1) reduces to the differential-integral system

Contents

j=1 Tolt,z,z]
Dth(t,Cl?) +Zﬁil(t)xa/ [ | Z(Tv y) dey)Dlej(t,.'E)
=1 Tylt,z,z

- filt,, / 2(r,y) dr dy),
FW[t@'?Z]
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where i =1,... k.
There are a lot of papers concerning the theory of solutions of equations (1) and some
particular cases of these equations for given functions A, p, f, 1, and € (see for example

[1-{5])-
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