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ON EXISTENCE AND SCHAUDER REGULARITY OF SOLUTIONS TO A
CLASS OF GENERALIZED STATIONARY STOKES PROBLEMS*

NGUYEN DUC HUY! AND JANA STARA?

Abstract. We investigate existence and Schauder type estimates of weak solutions to a class of gen-
eralized Stokes problem. The generalization we consider here consists in two points: Laplace operator is
replaced by a general second order linear elliptic operator in divergence form and “pressure” gradient Vp is
replaced by a linear operator of first order.
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1. Introduction. Let Q C R? (d > 2) be a bounded domain with boundary 9. We

study a generalization of linear Stokes problem : For given f = (fi,---,fs) : Q — R
d

and g: Q — R, A= (Azﬁ) et :Q — RE* and B = (Bij)jjzl a d X d constant
4,J,0,0= ’
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matrix we look for u = (u1,--- ,ug) : @ — R? and p: Q — R solving

—div (AVu) + BVp = f in Q,
divu=g in §, (1.1)
u=20 on 0f).

The generalization of classical Stokes problem consists in two points: instead of Laplace
operator we consider a general second order elliptic operator in divergence form and instead
of gradient of p we consider a class of general first order linear operators. The new feature of
system (1.1) compared with classical Stokes system lies in the fact that operators div u and
BVp (for B different from the identity matrix E) do not act as adjoint operators in suitable
Banach spaces. While existence of weak solutions and their properties with —Aw instead of
—div (AVu) and B = FE has been studied for a long time (see for instance [6], [16]) both
existence and smoothness properties of solutions to system (1.1) — as far as we know — have
not been studied yet in full extent.

Our motivation to investigate system (1.1) began with study of smoothness of flows of
incompressible fluids with viscosities that depend on shear and pressure (see [17], [5], [11],
[13)).

The arrangement of the paper is as follows. In Section 2 we introduce notations and
definitions and recall some results used later. In the next section we present the existence
and Hilbert regularity results obtained in [18]. In Section 4 we show the interior Schauder
estimates of solutions based on a suitable form of Caccioppoli’s inequality.

2. Preliminaries. Let © be a domain with Lipschitz boundary in R%(d > 2).
For 1 < q < oo, k € N; LQ), Whe(Q) and WF9(Q) denote the usual Lebesgue and
Sobolev spaces and Sobolev spaces with zero trace on the boundary. The norm of u € L(Q2)

is denoted by
1/q
fulle = b= ([ Tul?ar) " o
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The norm of u € W¥4(Q) is defined as

1/q

fulle = lullan = | [ 3 10|  do
® Jal<k
Further, W(}y’inv Q) = {u e WA Q)% divu= 0} where the equation div u = 0 is satisfied
in distribution sense. We denote by W=14(Q) the dual space to W,4(2) for & 4 % =1.If

few=b4(Q), v e Wy Q) we use the notation [f, v] for the value of the functional f at v.
Norms in spaces of scalar functions and of vector valued functions are denoted by the same
symbols. For u >0, 0 < o < 1; L2#(Q), £L2#(22) and C%%(Q) denote Morrey, Campanato

and Hélder spaces with norms |[ullr2.(q), [[ullz2e@) = llullz + [u]zue and [Jullco.g
respectively.
For f: R — R? we will use notations
of 0% f
Dif =g, D=t Vi=(Dif)i, VA= (DD
i Ox;

Next, we review some well-known facts needed later. We start with the following lemma
showing the property of the orthogonal projection of WO1 2(Bg(x0))* on
Wo di(Br(w0))-

LemMMA 2.1. Denote by

Pres) @ Wo(Br(z0))? — Wy i, (Br(o))

the orthogonal projection of Wy *(Bg(z0))? onto Wol,’jiv(BR(:co)). Then there is a constant
C > 0 such that for all ® € W, *(Bg(x0))?, we have

HV(PBR(mo)(I))HQ,BR(CEO) < C”div ©||2yBR(X0)'
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The constant C does not depend on x¢ and R.
See in [10, Corollary 0.4].
LemMA 2.2, Let f € L?*(Br(wo))? with [y, .\ f dz = 0. Then there ezists a unique

solution u € W&’Q(BR(xo))d N (W&’inV(B};'l(;rg))”l)l to the equation div u=f, moreover

IVull2, Br(zo) < Cllfll2,Br(z0)

with the positive constant C which does not depend on xy and R.

See [10, Theorem 0.3 and Corollary 0.4].

Finally, we recall a well-know facts verified easily by iterations.
LeMMA 2.3. Let f(t) be a nonnegative bounded function defined in |19, 71] where 79 < 0.
Suppose that for 1o <t < s < 1 we have

f(t) <[A(s—t)"*+ B] +0f(s),

where A, B, «, 0 are nonnegative constants with 0 < 6 < 1. Then for all 1o <t < s < 11 we
have

f() <ClA(s—t)~% + B],

where C' is a constant depending on o and 0.
See [8, Lemma 3.1, page 161].
LEMMA 2.4. Let ®(p) be a nonnegative and nondecreasing function on (0, Ry|. Suppose that

there are nonnegative constants A, B, a, 8 with o > [3 so that

o(p) < A [(%)a+g] ®(R)+ BR®  for all0 < p< R < Ry. 2.1)
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Then there exists positive g = eo(a, B, A) such that the following holds:
If (2.1) is true for some e < &g then

o(p) < C(a, 8, 4) [(£)" @(R) + B].

=] S

See [9, Section III. 2, page 51].

3. Existence and Hilbert regularity of solutions to (1.1). Let Q C R? (d > 2) be
a bounded Lipschitz domain with boundary 0€2. The existence and uniqueness of solutions
for the generalized linear Stokes system which we quote further was proved in [18].

We consider system

—div (AVu) + BVp = f in Q
divu=g in O (3.1)
u=20 on 0N.

Let f € W=12(Q)% Recall that by a weak solution to system (3.1) we understand a
pair (u,p) € Wy ?(Q)? x L*(Q) if divu=g a.e. on Q and

—div (AVu) + BVp = f (3.2)
holds in the sense of distributions, i.e.
d d
Z /A%BDﬁujDavi dx — Z /ij(Bijvi) dz = [f,] (3.3)
a,B,i,j=1"9 ij=1"9

holds for all v € W, ?(Q)<.
For the existence of solutions, we assume that A, B satisfy the following conditions
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(3a) B is a constant regular matrix,

(3b) A%’g belong to L>°(2) and there is a positive A4 such that

||Aio}ﬁ||oo <Ay forall i,j,a,f=1,---,d.

(3¢c) B~'A generates elliptic (generally nonsymetric) bilinear form on Wg2(Q)%', i.e.
there exists a A > 0 such that

d d
a(u,v) = /(B_lAVu) : Vo dz =/ Z Z(B_l)ikAgf Dv; DPv; dx
Q2 2 o, 8,1,5=1 k=1

> ||V 2 for all v € Wh2(Q)%.

THEOREM 3.1.Let the assumptions (3a), (3b), (3c) be in force and Q be a bounded Lipschitz

domain, let Qg be a nonempty subdomain of Q and f € W=12(Q)4. Then there exists unique

pair (u,p) € W2 (Q)? x L2(Q) satisfying fﬂop dz =0 and solving system (3.1).
Moreover, the inequality

lulli,2 + llpll2 < Cllfll-1,2 (3.4)
holds with a constant C = C(A, B,Q, Q) > 0.

ExampPLES. To illustrate the type of systems we have in mind we show some examples
that satisfy conditions (3a), (3b), (3c).
PROPOSITION 3.2 (A elliptic, B near to identity). Suppose that

. A?jﬁ belong to L>°(Q)) and there is a positive A4 such that

”A'Z'ﬂ”oo <Ay for alli,j,a,B=1,--- .d,
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o A generates an elliptic bilinear form a on WO1 2 () i.e. there is a positive constant
Aa such that

d
a(v,v) = S AP D DPu; da > Aal|Vol} for allv € Wy *(Q)°,
Q —
a,B,1,j=1

e B is a constant d X d matriz such that

Aa

—— <1 5

v=|B-E|<
where E is the identity d X d matriz.
Then conditions (3a), (3b), (3¢c) hold.

PRrROPOSITION 3.3 (A Laplace operator on the diagonal, B positive definite). Suppose that
div (AVv) is Laplace operator on vj in j-th equation, j =1,--- ,d i.e.

A;?‘jﬁ = 0ap0i; foralli,j,a,f=1,---,d

and B is constant, self adjoint and positive definite matriz.
Then conditions (3a), (3b), (3¢c) are satisfied.

Next, we show the regularity of solutions to (3.1) in W*2(Q). For Hilbert regularity we
assume that A B satisfy the following conditions
(3d) B is regular,
(3e) B~'A satisfies uniformly strong ellipticity condition, i.e. there exists a positive A
such that

d d
S D B YAl = NP for all € € R
a,B3,i,j=1 k=1
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In [18] we proved that under natural conditions on f,g, A, B, any solution pair u €
Wi2(Q),p € L*(Q) satisfies u € W*+2(Q) and p € WFL(Q), (k € N).

THEOREM 3.4. Let assumptions (3d), (3e) be in force and k € N, Q be a bounded C**2-domain
in R, (d > 2). Suppose that f € WH2(Q)4, g € WF12(Q) [,g dz =0 A € CHL (),

B € C*L(@)%, (u,p) € Wy ()4 x L2(Q) be a weak solution of system (3.1). Then we
have

u e Wh22(Q)d, p e WrL2(Q), (3.6)
and inequality

lulle+2,2 + IPlk+1,2 < C (1 fllk,2 + lglle+1,2 + llull1,2) (3.7)
holds with a constant C = C(4, B,§) > 0.
As a consequence we get the following result on the interior regularity

COROLLARY 3.5.Let assumptions (3d), (3e) be in force. Suppose that f € C®(Q)?, g €
C=Q); A € @)%, B e C°@%. If (u,p) € WA(Q) x L2 (Q) is a local weak
solution of system (3.1), then u € C®(Q)¢, p € C=(Q).

4. Schauder estimates in Holder spaces. In this section, we study Schauder type
estimates for systems

—div (AVu) + BVp =div F in Q,
divu =g in Q, (4.1)
u=0 on Jf).

where A and B are matrices of sufficiently smooth functions, F' : Q — R? and g: Q—
R?. We assume throughout this section that A, B satisfy the following conditions
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(4a) A%’ﬁ € L>(Q) for all 4,7,a, 3 =1,--- ,d, B is regular, B;; € C®(Q) for all 4, j =
1,5 .d,

(4b) B7'A satisfies strong Legendre-Hadamard ellipticity condition i.e. there exists a
positive A so that

d d
> D B Catenn’ 2 NP inQforall¢,n € R
a,B,i,j=1k=1
Under the assumption (4a), system (4.1) can be transformed to

—div (AVu) + HVu+Vp=B~'divF  inQ,

divu=g in Q, (4.2)
u=0 on 052
A—p-la AR Y —1y. 4000}
where A:=B~1A, H= (HiJ')g,i,j:l = (8 ko1 DalB AR ))B,i,j=l7

HVu = (5,1 H@Dﬁuj)d

1=
First we show a local energy estimate — Caccioppoli’s inequality.

THEOREM 4.1 (Caccioppoli’s inequality).  Suppose (4a), (3c) are satisfied. Let (u,p) €
WE2()4 x L2, (Q) be a weak solution of system (4.1). Then there is a positive constant C

loc

such that for all zog € Q and all p, R with 0 < p < R < dist(xq, 9Q), we have

1
IVl 5,00y < C [(R_—p)Qu(u sy + IR e + ||g||§,BR(mo)] (4.3)
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where v € R? is an arbitrary constant vector.

Proof. Let u,p be a weak solution of system (4.1) and v € R% Choose a test function
1 =n*(u—v), where n € C§°(R?) is a cut-off function :

suppn C Br(zo), 0<n<1 onBg(xp),

C
n=1 onB,(x); 1, |V77|SR—_p-

Then we have
/QUQAVU :Vu do = — /Q {QA%QDguj(ui —v))nDan + > (HVu) - (u — v)
— (0= Poo,R)20V - (4 = V) = (p = Puo,R)N’Y
—F-V(n’B ' (u—v))}da.
Therefore
MInVull3 5(eo) < 20l AllollnVu

+ [ H oo InVull2, Bg(zo) 7w = V)2, Br(20)

+ 2[0(p — Peo,r)l2,Br(zo) | V(U — V) |l2, B (20)
+17(P = Pao,R)|2,Br (o) 1912, Br (z0)

+ C(InVull3 gpeo) + IV0(w = v)

|2,Br(2o) V(1 = V)||2, B (0)

|2’BR(10))||F||2,BR(Z0)

and then by Young’s inequality we have estimate

1VUll3 5oy < EINP = Pro,R)3, B (o)
1 (4.5)
+ C(e) m”u - V||§,BR(zo) + ||F||§,BR(ZO) + ”g”%,BR(zO) :
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Next, because of LEMMA 2.2, we choose a test function @y € Wy*?(Bg(z0))?n(W 2,

which is a unique solution of equation

div g = 772(1) - pxo,R) - (772(17 - pxo,R))xo,R in BR(Q:O)a

Recall that ||Val||r2 < C|n(p — Puo,r)|lL2- We have

/nzAvu : Voo + (HVu) - 92 +0*(D — Po,r)? dz = / F.-V(B™! ) da.
Q Q
Applying LEMMA 2.2, we have
ln(p — Pxo,R)Hg,BR(xO) <C [||VU||2,BR(zo) In(p — Pxo,R)||2,BR(zO)
+ R2|IVUI|2,BR(xo)||77(p - pxo,R)”2,BR(zo)]
+ ||F||2,BR(Z0) ||77<p - pxo,R)HQ,BR(zO)]

1
< §||77(P —P:EO,R)HE,BR(EO) +C {”VU”%,BR(ZO) + ||F||§,Bﬁ(zo)] .

Thus

13, Br(z0)) (4.6)

It is easy to check that as the inequality (4.6) holds for all n € C§°(Bgr(xo)) with
0 < n <1, it implies the inequality (4.4).
Substituting (4.6) into (4.5), we conclude that

(P = Pao. R, Bawe) < CUVUIE 5oy + I1F

||VU||§,BP(mO) < el Vull3, r(ao)
1 (4.7)
+C W”U - V||§,BR(ZO) + ||F||§,BR(IO) + ||9||§,BR(zo)
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By application of LEMMA 2.3, we obtain the inequality (4.3) and THEOREM 4.1 is proved.

O
Now, we consider systems with constant coefficients
—div (AoVu) + Vp =0 in Q,
divu =0 in Q, (4.8)

where A is a d? x d? constant matrix.
In a standard way (see for instance first [9, Theorem in II1.2]), we have first estimates for
the Holder continuity by a following proposition

PROPOSITION 4.2 (Campanato’s inequality). Suppose that Ag is a constant matriz sat-
isfying strong Legendre-Hadamard condition (see (4b)). Then there is a positive constant C
such that for any weak solution (u,p) € W'l{)f(Q)d x L2 (Q) of system (4.1), for all z¢ €

and all p, R with 0 < p < R < dist(xg,dN), the following two estimates are valid:

p\?
Il 5,00y < € (%) Ml o0 (4.9)

”u = Uzg,p

2 p\I+2 2
25,0 SC (%) = ttng pl3 5 (oo (4.10)

The constant C depends on the dimension d and on Ag.
Next, we state first regularity theorem in Morrey spaces.

THEOREM 4.3. Suppose assumptions (4a), (4b) be satisfied, A € C’O(Q)d4 , F e LQ"‘(Q)d2,
g € L2*(Q) with 0 < p < d and (u,p) € W&’Q(Q)d x L2(2) be a weak solution of system
(4.1). Then Du € L2 ()%, p € L>*(Q), and for all @ CC Q we have the estimates

loc loc

19l 2nayee + 2@y < C (IVll2 + 1P paqyen + lolizmey) — (411)

with a constant C' = C(A, B, dist(€2,Q)) > 0.
Proof. Fix zp € Q and R < dist(zg, ). Let v be the weak solution to system

/ Ao 2 o G — 0 for all ¢ € Wy'%:, (Br(so))
BR(wo) 7
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The existence of such a solution is guaranteed by Lax-Milgram theorem. By PROPOSI-
TION 4.2 we get that if 0 < p < R

2 p\? 2
19913 5,00 < € (%) 1901 5r(o0)

Set w = u — v, then

p d
19608 5,0 < € ()" 198 g+ 1701 @.12)

For each ¢ € W&’Q (BR(xO)d we test (4.1) by ¢ — Pp(c0)® With Pp(z,) given in LEMMA 2.2
and use definition of w. It is easily seen that w € WO1 (B R(zo)" satisfies

/ A(20)V0 : Vg — Popianye] dz = / [A(zo) — A(@)]Vat : V[ — Prpiagy ]
Br(zo) B

r(z0)
— (HVu) - [¢ = Ppp(a)¥]
+ F . V(B_I[SD - PBR(Q())SD]) dx’
div. w=g.
By choosing ¢ = w, using the assumptions of THEOREM 4.3, LEMMA 2.1 and Poincaré’s
inequality, we deduce
IVWll3 preo) SC{IWB)IVull2, Ba(zo) + 1 Fll2,Br(o) + RHc(IVull2, B(20)]
[||V'w

|2,BR(900) + ||g||2,BR(I0)]} 9

where

w(R) = maxijasl sup A5 (@) = A3 (2o)ll,  He = maxi sup |H}(z)]].

r(w0) r(zo)
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Thus using smallness of w and Young inequality
IVl ey < € |(@2(B) + BEHDIVUI oag) + 1FI3, (o) + 191 5000y (413)

Substituting (4.13) into (4.12), we get

Py @
IVl 5y e < O | (5) "+ (R) + B2 2] V01 ey + IF B ey + 191 e

Since A, H € C°(Q) there exists Ry < dist(zg, dQ) such that for 0 < p < R < Ry, we have

P\ @
IVl 5y e < C | () €] 19008 ey + ORI + )
Thus applying the LEMMA 2.4 with € < g9 we have that for 0 < p < R < Ry
V01, 5,y < ORIV, 30y + [P W + 22,00 (4.14)

It follows that Vu € L2* (Q)d2, and for all Q CC Q we have the estimates

loc

||Vu||L2,#(Q)d2 < C ([[Vull2 + ||F||Lz,u(9)d2 + [lgllz2.x)

with a constant C' = C(A, B, dist (€2,Q)) > 0.

Thanks to the inequalities (4.4), (4.14), it follows that p € le(’)’: (©) and we also obtain the
inequality (4.11). The proof is complete. O
THEOREM 4.4. Suppose that the assumptions (4a), (4b) are satisfied and, moreover, A €
COS(Q)T, A e L), F e CO()T, g € C%5(Q) with of system (4.1). Then Vu €
Co’é(Q)dz, p € CX(Q), and for all @ CC Q we have the estimates

loc loc

19l cosayee + IPloos < C [IVullar + 1 Flonsye + lollons@n] — (415)
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holds with a constant C = C(A, B, dist(€, ), diam Q) > 0. Here

QO = {a: € Q; dist(x, 9Q) > % dist((z,ag)} .

Proof. Fix xy € Q, R > 0 sufficiently small. Let v be the weak solution to

/ A(z9)Vv : Vepdz =0 for all ¢ € Wol’éiv(BR(:cg))
Br(zo) ’

div v = gror, u—v € Wy*(Br(o))*

The existence of such a solution is guaranteed by Lax-Milgram Theorem. Clearly, as v solves
a system with constant coefficients and zero right hand side, also Vv is a solution of the
same problem. Thus (4.10) is valid for Vv i.e. if 0 < p < R < $dist(£2,99) then

p d+2
10 = (V)aly 5,000 SC () 190 = (V0)a0.rlE 5oy

Set w = u — v, then
2 2% 2 2
1V = (V)20 5, 00) < C | (%) 199 = (V0)ao I3 5oy + VW1 ey | (416)

Moreover, w € Wy'>(Bg(z0))¢ solves the system

/ A(20) V4 : Vip — Pog(enyd] & = / [A(z0) = A@)]Vat : V[ — Pppiany ]
Br(zo) B

r(zo)
—(HVU)[QO - PBR(ZO)QO] + F'V(B_l : [‘P - PBR(wO)(P]) dz,
Vp € WOL2(BR(mo)d; divw =g — 9z0,R-
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As in the proof of THEOREM 4.3, we choose ¢ = w and get

IVl 5, 0y < C [(@2(R) + R2HD) VUl ey

»(z0)

+ IF = Foo I3 5r(o0) + 19 = a0, 23 5(e)|

Since A € C%9(Q) we have w(R) < [A]os.oR°. Thanks to the assumptions on F,g it
implies that

p d+2
195 = (V) < € | ()" 190~ (Tl

+ R%||\Vul3 5 eo)
+ ([F]%,d+26;ﬂ’ + [g]g,d+26;ﬂ’>Rd+25] .

For any £ > 0, we have F,g € C%°(Q) ~ £24+2°(Q) c £297¢(Q) c L??4(Q). Therefore,
f e L24=¢(0)%" . According to THEOREM 4.3, we have Vu € L>9=¢(Q)4" and inequality

(4.17)

IVull3 5rwo) < CUIVElE o + 1172 0-c(grya + 191172.0-e 0 | RIS (4.18)

It implies

2 p\4t?
Ve = (Va)ao 3 5,000 S €| (%) 1V = (Viao.r
+ (V0 + 1PN e gy

+ ”9”%2“”*5(9’))Rd+2a_6 + ([F]g,d+25;ﬂf + [g]g,d+25;9/)Rd+26] 5

2
|2,BR(2:0)

Applying LEMMA 2.4, we obtain

Ve = (V) pl13, 5, ey < C [IV6B 00 + 1PN oy + N30y | 242

p(w0) =
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which implies that Vu € oo/ 2((2)‘12 for all e > 0, and the inequality

loc
||vu||éo,6—s/2(fl)d2 <C [”VU”%Q/ + ”F”i2,d+25(9/)d2 + ||g||2£2,d+26(g/)] o
In particular, Vu is locally bounded and thus
IVl Baao) < C IVl + 1F 205y + 191200 | B (419)
Substituting this inequality into (4.17), we get

Ve = (V)eopl3 5,00 S C (%) 198 = (Voo a0

+ O [IVull g+ 1F 20,5 ryer + N9l | B2

Applying again the LEMMA 2.4, we conclude that Vu € Cloo’g(Q)d2, and the estimate

IVule sy < C [IVul 0 + IF 10,5y + N900s ) (4.20)
holds with a constant C' = C(4, B,Q) > 0.
In a similar way, we conclude that p € C’lo O’S(Q) and it satisfies the required estimate. 0
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