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ASYMPTOTIC EQUIVALENCE OF SYSTEMS OF
DIFFERENCE EQUATIONS

JAROMIR KUBEN*

Abstract. The relation between sets of solutions of the first order linear system of difference equations
and of its perturbation is studied. Asymptotic equivalence is proved using Tychonoff fixed point theorem.
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Consider the system of difference equations
Az, = Az, + f(n, ), (1)

where A is a kx k matrix, k € N, z, € R¥, n € Ngand f: NgxR¥ — R f(n,z) is continuous
in z for any n € Ny and A denotes the forward difference operator, i.e., Az, = Tp+1 — Tp-
Along with (1) we also consider the corresponding linear system

Here N={1,2,3,...} and Ny = NU {0}.

In the sequel let us denote N(a) = {a,a+1,...} for a € Ng and = {x,}, y = {yn},
z = {2, }. Further, let us denote |.| a norm on R* or R**¥ such that |Dz| < |D|-|z| for any
matrix D and any colon x.
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In this contribution asymptotic relationship between solutions of the systems (1) and
(2) will be investigated. The approach is inspired by the result for systems of ordinary
differential equations studied in [8]. A similar topic for difference systems can be found in
[4, 5, 7].

DEFINITION 1. The systems (1) and (2) are said to be asymptotically equivalent if to each
solution x, n € N(a), of (1) there exists a solution y, n € N(b), of (2) such that

lim |z, —y,| =0 (3)
n—0o0
and conversely to each solution y, n € N(a), of (2) there exists a solution @, n € N(b), of (1)
such that (3) holds.
If (3) holds only for some subsets of all solutions of (1) and (2), we will speak about
asymptotic equivalence between these sets.

First we will examine the special case of (1) — a non-homogeneous linear system
Az, = Az, + by, (4)

where b, € R¥, n € Ny.

We will suppose that the matrix A + I = B is nonsingular, i.e., det B # 0. This
guarantees that each solution of (2) and (4) can be extended on Ny. Denote Y, n € Ny,
Yo = I, the fundamental matrix of (2). Thus AY,, = AY,, or equivalently Y, 11 = (A+1)Y,,
from which we get Y,, = (A+ I)™ = B™, n € N.

As every solution z, of (4) can be expressed like z,, = y,, +Z,,, where z,, is a fixed partial
solution of (4) and y, is an appropriate solution of (2), the proof of the next theorem is
evident.

THEOREM 1. The systems (2) and (4) are asymptotically equivalent if and only if the sys-
tem (4) possesses a solution z, such that lim z, = 0.
n—oo
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Home Page Let us remind the variation of constant formula for (4). We look for a solution of (4) in
the form 2, = Y;,c,,, where ¢, € R¥ is an appropriate sequence. After substituting it to (4)
we get

Title Page AYncn + Yn+1 Acn = AYnCn + bna

-1
Cntl — Cn) Yn+1bn,

Contents
and therefore

n
cp = Co + Z }/i_lbi_]_.

=1

Choosing ¢y = 0 we obtain that the system (4) has the solution

e — ) b =B Bt (5)
=1 =1
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o0
If the series ) Yi_lbi_l converges, then it is possible to adjust zj:

Go Back =1
oo oo oo oo
=1 =1 =1 —1
Zn ZYn<ZYi bi—1 _ZYi bi—l) ZYHZY; bi—1 —YnZYi bi—1.
Full Screen =1 i=n+1 i=1 i=n+1

o0
As Y, 3 Y;'b;_; is a solution of (2), we obtain that (4) has also a solution
i=1

oo

Zn = —Yn i}/i_lbi—l = — ZBn_ibi_l.
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AssuMPTION. Without loss of generality we can suppose that B has the Jordan canonical

Home Page
form.
Denote
Title Page
(0<)pr <pa << pg=A
Contents different absolute values of eigenvalues \;(B), i = 1,...,t. Let m; be a maximal order of

blocks that correspond to the eigenvalues with the absolute value u;. Let m = mg. Further
let us put

) my if Hi = 1,
1 if no p; equals 1.

Assume B = diag(Bj, Bs), where

Page 4 of 15

[A;(B1)] Sa:m]ax|)\j(Bl)| <1, m* =m; if yu; = «,

Go Back |)\j(B2)| >1 for any j.

Then Y,, = (A+ I)™ = B" = diag{ B}, 0} + diag{0, B }.

For » € N consider a Jordan r-dimensional block

Full Screen

w1 0 ... 0
0 p 1
J = .

000 ... p
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For a sufficiently smooth function g defined at u it can be defined (see [1])

o(w) o) LEO e
sn=| 0 9w gw .. L
0 0 0 ... g
Assume now that pu # 0. Then especially for g(u) = p™, n € Z we have
utonpnt o n(n—l)---(n—r+2)%
g — 0 ur n(n—l)--'(n—rﬁ-l)% (6)
0o 0 .. e
From this it follows the existence of constants K > 0 and L > 0 such that
|IBPY| < K -n™ o forn > 1, (7)
|IB;"| <L-(n+p—2P~"' forn>1. (8)

LEMMA 1. Let0< g <1 and g, > 0 forn € N. If

oo
Z gi < 00,
i=1

then

n

: n =B =

Jm "D 0l =0
1=
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o0

Proof. Assume Y g; < co. Denote |x]| an integer part of z, z € R. For any € > 0 we can
=1

find ng € N such that for n > ng there is

[n/2] c oo c
g/ Z 9i <3 and Zgi <3
i=1 ln/2]+1
Then
n ' @ n ' [n/2] n
"> agi=q" Y ¢ g+d"Y g <D gi+) gi<e
i=1 i=1 ln/2]+1 i=1 [n/2]+1 O
THEOREM 2. Let
D (i+p—2)P"bioa| < 0. (9)
=1

Then the equation (4) has a solution z, such that lim z, = 0.
n—oo

Proof. Denote By = diag{Bi, 0z}, By = diag{O1, By}, B;'' = diag{B;',0,} and B;! =
diag{O, By '}, where O; is a zero matrix of the same dimension as B;, i = 1,2. Further
Y,, = B + By holds.

From (5) we see that any solution z, of (4) can be written in the form

n
2n = Ynzo + Z B, .
=1
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n n
Zn = YnZO aF B{L E Bl_zbi_l T Bg’ E BQ_Zbi_l.
Title Page i=1 =1

0 ~ .
The inequalities (8) and (9) imply that the series Y B ‘b;—1 absolutely converges, so we

Contents i=1
can express z, as follows:

[ee] n oo
zn = BP2o + BY [zo +)° E;"bi_l] +B7Y Br'bi— BY Y By'hia.
i=1 i=1 i1=n-+1

o o~ .
Choose zp + Y B; ‘bi—1 = 0. Then

=1
Page 7 of 15 2n =Bz +B}Y Br'biy—By Y By'bin=hL+L+]Is (10)
=1 i=n+1
Go Back We will show that nh_)rrgo I;,=0,1=1,23.

From (7) evidently lim I; = 0.

Further we estimate Is. We have
Full Screen

n—1
12| < |Z B?_ibi—1‘ + |BYbn 1| = [Iza| + [28]-
=1

If1<i<n-—1,then n—i>1 and from (7) we have

1By ' bioa| < K(n—i)™ a7 |b_q].
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As klim k™ =1(y/a)kF = 0, because v/a < 1, a constant M > 0 exists such that
—00

0< (n—i)™ (Vo) < M

for n > 4. Therefore

n—1 n—1
Lol Y K(n—i)™ a7 bia| < KM (V)" by
i=1 n i=1
= KM(Va)") (V) |bioa| — 0

i=1
for n — oo by LEMMA 1.
Due to (9) we have b,_1 — oo for n — oo and

| oo| < B - [bna| — o0

for n — oco. Thus lim I = 0.
n—oo

Now we estimate [3. From (8) we obtain

o0 o0
5] < S 1B T b | < DD LG —ntp— 2P b

i=nd i=n-+1
<LY (i+p—2" " bia| = 0
1=n+1
for n — oo by (9). Thus lim I3 = 0.

O

Consider a linear space £(n;) of real sequences = {z,}, z,, € R*¥, n > n;, n; € Ny,
endowed with the topology 7 induced by the set of seminorms P,,(z) = |2,|, m > n;. Then
(€(n1),7) is a Fréchet space — see [6, p.37]. If " = {27} € £(n1), r € Ny, then " — x° in

(¢(n1),7) if and only if lim 27 = 22 for each n > n;.

T —00
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LEMMA 2. A subset B C £(nq) is relatively compact in (€(n1),7) if and only if sup{|z,|} < co
xzeDB

for each n > ny.

Proof. Sufficiency: Consider a sequence {x"} C B. It is possible to choose its subsequence
{y"} such that {y]} is Cauchy. Then it is possible to choose a subsequence {z"} of {y"}
such that {25} is Cauchy etc. The diagonal sequence {y!,22,...} is chosen from {x"} and
is Cauchy in (4(nq),7).
Necessity: If sup{|z,|} = oo for some n > ny, it is possible to find a sequence {z"} C B
xeB

such that lim |27 | = co. Evidently, for no subsequence {y”} of {x"} the sequence {|y’ |} is
T—00

Cauchy. O

THEOREM 3. Assume
|f(n,2)| < F(n, |z), (11)

where F': Ng x Rf — R} and F(n,u) is nondecreasing and continuous in u for any n € N.
Let

oo

> (i+p—2P'F(i—1,¢) < o0 (12)

i=1

for any c € RY.
Then the sets of bounded solutions of (1) and (2) are asymptotically equivalent.

Proof. Let x,, n € N(ng), be a bounded solution of (1). Then there exists ¢ > 0 such that
|z | < ¢ for n € N(ng). If y, is an arbitrary solution of (2), then z, = ,, — y, is a solution
of an equation

Az, = Az + f(n, ). (13)

Conversely, if z, is an arbitrary solution of (13), then y,, = x,, — z, is a solution of (2).
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According to (11) and (12) we have

G+ =P = Lwin)| €Y (i +p— P FG — 1, |wia)
i=1 =1

(i+p—2P1F(—1,¢) < oo.

s

Il
i

<

(2

Then due to THEOREM 2 the equation (13) has a solution z,, such that lim z, = 0. Thus

Yn = Tn, — 2Zp, 18 a solution of (2) for which lim |z, —y,|= lim |z,| = 0.
n—0o0 n—0o0o

Assume now that y,, is a bounded solution of (2), n € Ny. Consider an equation

n 0
Ty = Yn + B? ZBl_zf(z - lymi—l) - Bg ZB;Zf(Z - ]-aa;i—l), (14)
i=nog+1 1=n—+1

ng € No, n > ng. It is easy to verify that any solution of (14) is a solution of (1), too. In
fact, if we denote I = I1 + I = diag{I1, Oz} + diag{O1, I}, where I; is a unit matrix of the
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same dimension as B;, i = 1,2, we obtain

Ay = Ay + ABP Y B f(i — 1,0i-1) + By By Y f(n, 2,)
i=no+1

[ee]
~ ABY Y Byf(i —1,im0) + Byt By "V f(n, )
i=n-+1

= Ay, + AB?Y B f(i — Lzi) + L f(n, 3n)

1=no+1

- AE; Z ‘/B\Q_Zf(l - 17 mi—l) + -/[;f(na xn)
i=n+1
= Az, + f(n,z,).
For p > 0, let us denote B, = {x € £(ng) : |z,| < p,n € N(ng)}. Evidently %, is a
convex closed subset of £(ng), which is compact by LEMMA 2. We will show that (14) has a

solution in %,, where p and ny will be chosen later.
Define a mapping T': %, — {(n) as follows:

n (oo}
T(@)n =yn+ By > Brif(i—1Lwi1) — By > By'f(i—12i1)
1=no+1 i=n—+1

for x € ,. By (8) and (11) we have

1By f(i — L, 2i1)| S LG +p— 2P F(i — 1, |zi_q|) < L +p — 2)P71F (i — 1, p),

0 ~ .
which shows (using (12)) that > B3 “f(i — 1,2;—1) converges and T is correctly defined.
i=n+1
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Let |yn| < ¢1, n € Ny, and choose p > 2¢;. Then

n o0
T ()| < lynl + D IBETF (G~ 1,0) + > 1By | F(i -1, p).

i=no+1 i=n—+1

With respect to (7) there exists a constant M > 0 such that |§{l_’| < M forng+1<i<n.
o0

Using (12) we get that > F(i — 1, p) < oo, which implies that
i=1

IT(@)n| <1+ MY F(i—1,p)+LY (i—n+p—2F'Fi—1,p)

1=no+1 i=n-+1
o0 o0
<a+MY Fi—1,p)+L> (i+p—2)P'F(i—1,p).
1=no+1 1=n-+1

Therefore, it is possible to find ng large enough such that

o0 oo
MY F(i—1,p)+ LY (i+p—2P"'F(i—1,p) <c.
i=nog+1 i=n-+1
Then |T(x),| < 2¢1 < p. ie. T: B, — B,.

Further we will verify that T is a continuous operator. Let ¥ — x for k — oo in £(ng),

which means that lim 2% = 2,,, n € N(ng). Choose a fixed n > ng and n; > n. Then

k—o0

[T (@) — T(@)nl = |BE Y BUI£G — Lok y) — (i — Laio)]
i=nop+1

- ﬁgZﬁ;l[f(z — 1,z 1) — f(i — 1,3i_1)]

i=n+1
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<STIBYT G- Lk ) — £ — L wiy)]

i:no+1
ni N i
+ 1B £ - Laby) — - L))
1=n-+1
0 —~ q
+23 BTG - 1,p)
i1=ni+1
n1
<MY |fG—1,38 ) — f(i— Lzl
i=no+1
n1
+ LZ(i —n4+p—2PYfG— 1,28 ) — f(i —1,m_1)]
i=n+1
o0
+2) (i—-n+p—2)P'F(i—1,p)
i=ni1-+1
ni
SMY |fG-1,28,) = fi—1L,zi1)l
i=no+1
ni
+ L +p—2P1 Y |f (= Lafy) = f(i—1,1)]

i:n0+1

+ Qi(i +p—2P1F(i —1,p).

1=n1+1
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Let € > 0 be an arbitrary number. From (12) there exists n; such that

oo

Y i+p—2P ' F(i—1,p) <

i=ni+1

SO

Further, as ¥ — x in £(ng) and f is continuous at its second argument we can find kg € N
such that for k > kg and ng < ¢ < n; — 1 the inequality

|£ (@, ai) = [ m0)] < 2(n1 —no) (M + L(n1 +p — 2)P~1)

holds. Thus |T(x*), — T(x),| < € for k > ko, i.e. klim T(z*), = T(z),. But this means
— 00

that T(z*) — T(x) as k — oo in £(ny).

From Tychonoff fixed point theorem — see [2, p.405] or [3, p.45] — we conclude that T
has a fixed point in %,. Thus (14) and also (1) has a bounded solution.

We will show that TLILH;O |€, — yn| = 0. Analogously as in the proof of THEOREM 2 for

I, and I3 (see (10)) it can be proved that

n

o
S BITG-Lmi) = Y BTV fl - Laia) = 0

i=nog+1 1=n-+1
as n — oo (b;_1 is to be replaced by F(i — 1, p)). This proves the theorem. O
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