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OPTIMAL LYAPUNOV INEQUALITIES AND APPLICATIONS TO
NONLINEAR PROBLEMS*
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Abstract. This work is devoted to the study of L, Lyapunov-type inequalities (1 < p < oo) for linear
partial differential equations. More precisely, we treat the case of Neumann boundary conditions on bounded
and regular domains in RY. It is proved that the relation between the quantities p and N/2 plays a crucial
role. This fact shows a deep difference with respect to the ordinary case. The linear study is combined with
Schauder fixed point theorem to provide new conditions about the existence and uniqueness of solutions for
resonant nonlinear problems.
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Go Back 1. Introduction. Let us consider the linear problem

u”(z) + a(z)u(z) = 0, z € (0,L), u'(0)=4(L)=0 (1.1)
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where a € Ay and A is defined by
L
Ao ={a€ L*0,L)\ {0}: / a(xz) dzr >0 and (1.1) has nontrivial solutions } (1.2)
0

The well-known Lyapunov inequality states that if a € Ay, then fOL a™(x) dz > 4/L. More-
over, the constant 4/L is optimal (see [3], [4], [6], [9] and [10]). An analogous result is true
for Dirichlet boundary conditions. In fact, the original results were proved for this kind of
boundary conditions ([9], [11], [12], [15]).

In this paper we review some more general recent results contained in [4], [5] and [6]. We
consider for each p with 1 < p < oo, the quantity

Bp = alén/{0 Iy(a) (1.3)
where
L 1/p
L@ =latlh=( [ let@pP do]  VYeeho 1<p<on, 1y
0 .
I(a) =supessa™, Y a€ A

obtaining an explicit expression for 3, as a function of p and L.
In the PDE case, we consider the linear problem

—Au(z) = a(z)u(z) LAY
%(m) =0 z €00 (15)

0
where Q C RY (N > 2) is a bounded and regular domain, n is the outer normal derivative
on 0f2 and the function a : 2 — R belongs to the set A defined as

A={ae L>*(0Q)\{0}: / a(xz) dx > 0 and (1.5) has nontrivial solutions}  (1.6)
Q
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Obviously, the quantity
Bp = in£ latll,, 1<p<oo (1.7)
aec

is well defined and it is a nonnegative real number. The first novelty with respect to the
ordinary case is that 51 = 0 for each N > 2. Moreover, if N = 2, then 8, > 0, V p € (1, ]
and if N > 3, then 3, > 0 if and only if p > N/2. Also, for each N > 2, 3, is attained if
p > N/2. It seems difficult to obtain explicit expressions for 5, as a function of p, Q and N,
at least for general domains (see [4], [7] and [8] for the ordinary case). The paper finishes
with an application to nonlinear resonant boundary value problems.

2. Ordinary differential equations. In this section we will consider the linear bound-
ary value problem

u’(z) + a(x)u(z) = 0, x € (0,L),4'(0) =u'(L) =0, a € Ag (2.1)

where
L
Ao ={ae L*(0,L)\ {0}: / a(z) dz > 0 and (2.1) has nontrivial solutions}
0

Here u € H'(0, L), the usual Sobolev space. For each p with 1 < p < oo, we can define the
quantity

B, = inf 2.2
D aler llallp, (2:2)
The main result of this section is the following.

THEOREM 2.1 ([4]). The following statements hold:

4 2

W) B = 2 B = o

lim, oo Bp = Boo- Moreover, the mapping v : [1,00) — R, p — L_l/pﬂp is strictly
Increasing.

The mapping [1,00) — R, p — f,, is continuous and
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(2) If1 < p < oo,

8, = 4(p—1)1+% /”/Q(Sinm)_l/p i ’ (2 3)
"o pep— e \Jo '

(3) Bp is attained if and only if 1 < p < oco. In this case, B, is attained in a unique
element a, € Ao which is not a constant function if 1 < p < oo.
Main ideas of the proof for the case 1 < p < oo. If a € Ag and u € H'(0, L) is a nontrivial
solution of

v (z) + a(z)u(z) = 0, z € (0,L), u'(0) = (L) =0, (2.4)
then

L L
/ u'v':/ awv, Y wve HY0,L).
0 0

In particular, choosing v = u and v = 1, we have respectively

L L L
/ u'? = / au?, / au =0 (2.5)
0 0 0

Therefore, for each k € R, we have

L L L L L
/ (u+k)’2=/ u’2=/ au2§/ au2+k2/ a
0 0 0 0 0
L L L L
:/ au2+/ k2a+2k/ au:/ a(u + k)?
0 0 0 0

It follows from Holder inequality

L
| 02 < o+ kP,
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Also, since u is a nonconstant solution of (2.4), u + k is a nontrivial function. Consequently

L
/ (u + k)2
”aHp Z “ 0

S0 YaeAg (2.6)
(ut B2 2

Previous reasoning motivates the study of an special minimization problem given in the
following lemma.

LEMMA 2.2. Assume 1 < p < oo and let

L
X, = {u € H*(0,L) :/ |u|ﬁu=0}
0

If J, : X, \ {0} — R is defined by
L
[
0

p=1

(o)

and my = infx \(0y Jp, My is attained. Moreover, if u, € X, \ {0} is a minimizer, then u,
satisfies the problem

Jp(w) = (2.7)

up (@) + Ap(up) [up (@) 7T up(w) = 0, U (0) = uy, (L) =0, (2.8)

L R P
where  Ap(up) =my (/ |up|p_}1> . (2.9)
0
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Sketch of the proof of the lemma. If {u, } C X, \ {0} is a minimizing sequence, the sequence
{knun}, kn # 0, is also a minimizing sequence. Therefore, we can assume without loos

of generality that fOL |un|% = 1. Then { fOL |u’?|} is also bounded. Moreover, for each u,,
there is x,, € (0,L) such that u,(x,) = 0. Therefore, {u,} is bounded in H'(0,L). So,
we can suppose, up to a subsequence, that u, — ug in H'(0,L) and u, — ug in C[0, L]
(with the uniform norm). The strong convergence in C[0, L] gives us fOL |u0|% =1 and
up € X, \ {0}. The weak convergence in H'(0, L) implies Jp(ug) < liminf Jp(u,) = my,.
Then ug is a minimizer. Lagrange multiplier Theorem implies (2.8)

Now, we continue with the proof of the Theorem for the case 1 < p < co. Remember
that we have obtained that if a € Ag and u € H'(0, L) is a nontrivial solution of (2.4) then
we have (2.6). Then, if for each a € Ay and each w, nontrivial solution of previous problem,
we choose ko € R satisfying u + ko € X, we deduce 8, > m,.

Reciprocally, if u, € X, \ {0} is any minimizer of J,, then u, satisfies (2.8) and (2.9).
Therefore, Ap(up)|up|% € Ag. Also,

2
| Ap(up)lup| =T |l = mp.

Then B, < m,. The conclusion is that 3, = m,,.

The calculus of m,, is a very delicate matter and it is based on some explicit formulas of the
solutions of (2.8).

The details for the proof of the last part of the Theorem may be seen in [4] and also the
cases p=1 and p = 0.

As an application of THEOREM 2.1 to the linear problem
u’(z) + a(z)u(z) = f(z), z € (0,L), u'(0)=4'(L) =0, (2.10)

we have the following corollary, which clearly generalizes in [10, Theorem 3].
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L
COROLLARY 2.3. Leta € L*(0,L) \ {0}, 0 < / a(x), satisfying one of the following
0

conditions:
(1) llallx < 1,
(2) There is some p € (1,00) such that ||a|l, < Bp or |lall, = By and a # a.
(3) llallos < Boo or |lalloc = B and a # aco.
Then for each f € L>=(0, L), the boundary value problem (2.10) has a unique solution.

3. Partial Differential Equations. This section will be concerned with the linear
boundary value problem

Au(z) + a(z)u(z) = 0, z € Q,
&Cf)gf) = o, z € 00 (3.1)

0
Here Q C RY is a bounded and regular domain, n is the outer normal derivative on 052
n

and a € A, where
A={aeL>®Q)\{0}: / a(z) dz > 0 and (3.1) has nontrivial solutions}
Q

As in the ordinary case, the positive eigenvalues of the eigenvalue problem

Au(z) + Au(z) = 0 x €N
Ou(z) _ 0 e 99 (3.2)
on

belong to A. Therefore, the quantity

=i <p<
Bp ;Ieljf\ llallp , 1 <p < oo
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is well defined. The main result is the next theorem.

THEOREM 3.1 ([5]). The following statements hold:
(1) B1 =0, and B = A1, Y N > 2. Here Ay is the first positive eigenvalue of the
eigenvalue problem (3.2).
(2) IfN=2,06,>0, Vpe (1,00].
IfN>3,8,>0&pe[d, o0
If N > 2 and % < p < oo then By is attained.
(3) The mapping (%,oo) — R, p — B,, is continuous and the mapping [%,oo] — R,
p— |Q7YPB,, is strictly increasing.
Proof. The main ideas are the following:

1. If N > 3 and % < p < 0, the ideas are the same as in the ordinary case. In fact,
2p 2N
<
p—1 N —2
H(Q) into L?*/P=1(Q) is compact.

2. If N = 2, the imbedding H*(2) C L%(Q) is compact V ¢ € [1,00) and therefore, if
1 < p < oo, the ideas are the same as in the ordinary case.

3. N>3and 1 <p< %, we prove that 8, = 0 by finding appropriate minimizing
sequences. Roughly speaking, the main idea is to take first a function v and to calculate the
corresponding function a for which w is a solution of

since % < p, then and consequently, the imbedding of the Sobolev space

Au(z) + a(z)u(z) =0,z € 315(:) =0, x€dQ

Obviously, if u is smooth enough, then we must impose two conditions: i) g—z = 0 on 012, ii)

The zeros of u are also zeros of Au. For instance, if Q = B(0,1) we can take radial functions
u(z) = f(|z]) of the form f(r) = ar=@—pBr=t (a>0, b>0,0 <r <1).

If N =2 and p = 1, we use the fundamental solution In |z| to find appropriate minimizing
sequences.
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4. If N >3 and p= &, then ;Tpl = 2 and the imbedding H'(Q) C L2N/N=2(Q) is
continuous but not compact. This implies that the infimum £, > 0, but we do not know if
Bp is a minimum.

O
REMARK 1. It is possible to obtain an improvement of previous theorems by considering the
positive part a™ of a function a € A. Specifically, if we define

+ +
By = inf fla™|lp, 1<p<oo (3:3)

it is easily seen that 3} = 3,.

REMARK 2. In the definition of the set A we have imposed fQ a > 0. This is not a technical
but a natural assumption for Neumann boundary conditions. Otherwise, the corresponding
infimum will be always zero. To see this, note that if u € H'(Q) is a positive nonconstant
solution of (1.5) and we consider v = 1 as test function in the weak formulation, we obtain

u

/VU-V<1>:/aul,
Q u Q u

2
/a:— @<0.
Q Q u

With this in mind, if we take a nonconstant uy € C?(Q) such that %(m) =0, Vz € 09
then, for large n € N, we have that u,, = up + n is a positive nonconstant solution of (1.5),
with a, = ﬁl. Clearly |la,||, — 0 as n — oo for every 1 < p < co and, as we have seen
before, [, a, < 0.

REMARK 3. We have considered Neumann boundary conditions. In the case of Dirichlet

conditions it is possible to obtain analogous results in an easier way. To be more precise,

which implies
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consider the linear problem

—Au(z) =_a(x)u(a:) z e } (3.4)

u(z) =0, x € 0f)

where Q@ € RY (N > 2) is a bounded and regular domain and the function a : @ — R
belongs to the set Ap defined as

Ap ={a € L*=(Q) s. t. (3.4) has nontrivial solutions}

Then, we can define the value ﬂz? = infoen, [lallp, 1 < p < oo and it is possible to prove
that all the assertions of THEOREM 3.1 remain true if we replaced , by ,6’;,3 and Neumann
boundary conditions of (3.1) by Dirichlet conditions.

In fact, as the Neumann case, it is possible to obtain a variational characterization of

BY for N/2 < p < oo
[ vu®
AP inf —J2

= p=1

u€HE(Q)\{0} o \ 55
()
Q

If Q is, moreover, a radial domain, previous minimization problem is related to a more
general one which involves Rayleigh quotient
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where p € LI(Q), ¢g=N(p—1)/(2p — N), is a positive function. This has been used in the
study of the existence of nonsymmetric ground states of symmetric problems for nonlinear
PDE’s (see [1], [2] and [14]).

4. Nonlinear resonant problems. In this section we apply the previous results (on
linear problems) to nonlinear boundary value problems of the form

—Au(z) = f(z,u(x)) z €N
4.1
%(x) =0, z € 0N (4.1)
where Q C RY (N > 2) is a bounded and regular domain and the function f: Q x R — R,
(z,u) — f(z,u), satisfies the condition

f, fu are Caratheodory functions and 0 < f,(z,u) in Q x R. (H)

The existence of a solution of (4.1) implies

/ e ) B =10 (4.2)
Q

for some sy € R (see [13]). Trivially, conditions (H) and (4.2) are not sufficient for the
existence of solutions of (4.1). Indeed, consider the problem

—Au(z) = Mu(z) + ¢1(z) z €N

4.3
%(x) =0, z € 0N (43)

where ¢, is a nontrivial eigenfunction associated to A;. Here A; is the first positive eigenvalue
of the eigenvalue problem (3.2). The function f(z,u) = Aju+ 1 (z) satisfies (H) and (4.2),
but the Fredholm alternative theorem shows that there is no solution of (4.3).

If, moreover of (H) and (4.2), f satisfies a non-uniform non-resonance condition of the
type
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fu(z,u) < B(z) in Q x R with 8(x) < A1in Q and B(z) < A
in a subset of Q) of positive measure, (h1)

then it has been proved in [13] that (4.1) has solution. Let us observe that supplementary
condition (h1) is given in terms of ||]|co. In the next result, we provide new supplementary
conditions in terms of ||3||,, where N/2 < p < oo, obtaining a generalization of [13, Theorem
2]. In the proof, the basic idea is to combine the results obtained in the previous section
with the Schauder’s fixed point theorem.

THEOREM 4.1. Let Q C RN (N > 2) be a bounded and regular domain and f : Q@ x R — R,
(z,u) — f(z,u), satisfying:

(1) f, fu are Caratheodory functions and f(-,0) € L>(2)

(2) There exists a function § € L*°(Q), satisfying

0 < fulz,u) < B(x) in QxR (4.4)

and such that for some p, N/2 < p < oo, we have [|B|, < B (or ||Bll, = By and
B(x) is not a minimizer of the L,-norm in A), where [, is given by THEOREM 3.1.

(3)
dsp € R s.t. / f(z,50) dz =0, and fu(z,u(x))#0, YucC(Q). (4.5)
Q

Then problem (4.1) has a unique solution.
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Proof. We first prove uniqueness. Let u; and us be two solutions of (4.1). Then, the function
u = U1 — usg is a solution of the problem

ou

— Au(z) = a(z)u(z), =x€Q, =

0, z€dQ (4.6)

where a(z) = /1 fu(z,uz(x) + Ou(x)) db. Hence 0 < a(z) < B(x) and we deduce a(z) € A

0
and ||al|, < ||B|l,- Applying THEOREM 3.1, we obtain u = 0.
Next we prove existence. First, we write (4.1) in the equivalent form

—Au(z) = bz, u(z))u(zr) + f(z,0), in Q,
ou (4.7)
— =0, on Of)
on

where the function b : X R — R is defined by b(x, z) = fol fulz,02) dO. If X = C(Q),
our hypotheses allow to define an operator 7' : X — X, by Ty = u,, being u, the unique
solution of the linear problem

—Au(x) = bz, y(z))u(z) + f(x,0), in Q,

% =0, on Of). (48)
on
where X = C(Q) with the uniform norm.

If in X we consider the uniform norm, we will show that 7" is completely continuous
and that T(X) is bounded. The Schauder’s fixed point theorem provides a fixed point for
T which is a solution of (4.1).

The fact that T is completely continuous is a consequence of the compact embedding
W2P(Q) c C(Q). It remains to prove that T/(X) is bounded. Suppose, contrary to our
claim, that T(X) is not bounded. In this case, there would exist a sequence {y,} C X
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such that |lu,, ||x — oco. Passing to a subsequence if necessary, we may assume that the

sequence of functions {b(-,yn(-))} is weakly convergent in LP(Q) to a function ag satisfying
u

0 < ap(z) < B(x), ae. in Q. If 2, = —¥=— passing to a subsequence if necessary,

[y, | x
we may assume that z, — zp strongly in X (we have used again the compact embedding

W2P(Q) C C(9)), where 2 is a nonzero function satisfying

—Azp(z) = ap(z)z0(x), in ,
B 4.9
8 0, on O} (4.9)
on
Trivially, there is no loss of generality if we suppose sy = 0. (Otherwise, we can do the
change of variables u(z) = v(z) + s and obtain a similar problem with the same original
hypothesis). Then for every n € N,

/Qb(:c,yn(x))uyn(;v) dz = —/Qf(x,O) dz = 0.

Therefore, for each n € N, the function u,, has a zero in Q and hence so does zy. Thus,
ag Z 0, agp € A and we obtain a contradiction with THEOREM 3.1 O

REFERENCES

[1] H. Brezis, Symmetry in nonlinear PDE’s, Proc. Sympos. Pure Math. 65, Amer. Math. Soc., Providence,
RI, 1999, 1-12.

[2] H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev
ezponents, Comm. Pure Appl. Math. 36 (1983), 437-477.

[3] R.C. Brown and D.B. Hinton, Lyapunov inequalities and their applications, Survey on Classical In-
equalities, T. M. Rassias, ed. Kluwer, Dordrecht, 2000, 1-25.

[4] A. Canada, J. A. Montero and S. Villegas, Liapunov-type inequalities and Neumann boundary value
problems at resonance, Mathematical Inequalities and Applications, 8 (2005), 459-476.


http://www.river-valley.com

Home Page

Title Page

Contents

Page 15 of 15

Go Back

Full Screen

(5]
[6]

[7]
(8]
[9]
(10]

[11]
(12]

(13]
(14]

(15]

A. Canada, J.A. Montero and S. Villegas, Lyapunov inequalities for partial differential equations, J.
Funct. Anal. 237(1) (2006), 176-193.

A. Canada, J. A. Montero and S. Villegas, Lyapunov-type Inequalities and Applications to PDE,
Proceedings of the 5th European Conference on elliptic and parabolic problems: a special tribute to
the work of Haim Brezis. Progress in Nonlinear Differential Equations and Their Applications, 63 2005,
103-110.

G. Croce and B. Dacorogna, On a generalized Wirtinger inequality, Discrete and Continuous Dynamical
Systems, 9 (2003), 1329-1341.

B. Dacarogna, W. Gangbo and N. Subia, Sur une généralisation de l’inégalité de Wirtinger, Ann. Inst.
Henri Poincaré, Anal. Non Linéaire, 9 (1992), 29-50.

P. Hartman, Ordinary Differential Equations, John Wiley and Sons Inc., New York-London-Sydney,
1964.

W. Huaizhong and L. Yong, Neumann boundary value problems for second-order ordinary differential
equations across resonance, SIAM J. Control and Optimization, 33, (1995), 1312-1325.

L. Kotin, A generalization of Liapunov’s inequality, J. Math. Anal. Appl., 102 (1984), 585-598.

A. M. Lyapunov, Sur une série relative a la théorie des équations différentielles linéaires avec coeficient
périodiques, C.R. Acad. Sci. Paris, 123 (1896), 1248-1252.

J. Mawhin, J. R. Ward and M. Willem, Variational methods and semilinear elliptic equations, Arch.
Rational Mech. Anal., 95 (1986), 269-277.

D. Smets, M. Willem and J. Su, Non-radial ground states for the Hénon equation, Comm. Contem.
Math., 4 (2002), 1-14.

E. R. Van Kampen and A. Wintner, On an absolute constant in the theory of variational stability,
Amer. J. Math., 59 (1937), 270-274.


http://www.river-valley.com

	Introduction
	Ordinary differential equations
	Partial Differential Equations
	Nonlinear resonant problems

