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OSCILLATION CRITERIA FOR HALF-LINEAR PARTIAL
DIFFERENTIAL EQUATIONS VIA PICONE’S IDENTITY*

NORIO YOSHIDAT

Abstract. A Picone’s identity is established for a class of half-linear partial differential equations,
and oscillation criteria are obtained by using the Picone’s identity. By reducing the oscillation problem
for half-linear partial differential equations to a one-dimensional oscillation problem for half-linear ordinary
differential equations, we derive various oscillation results.
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1. Introduction. Recently there has been much interest in studying the oscillatory
behavior of solutions of half-linear differential equations. There are many papers (or books)
dealing with oscillations of half-linear partial differential equations, see, e.g. Bognar and
Dosly [2], Dogly [3, 4], Dosly and Maitk [5], Dosly and Rehak [6] Dunninger [7], Kusano,
Jaros and Yoshida [10], Matik [13, 14] and Yoshida [15]. Picone identity plays an important
role in Sturmian comparison theory and oscillation theory of differential equations. We
mention the papers [1, 2, 3, 5, 7, 10, 15] which deal with Picone identity for half-linear
partial differential equations. In particular, the paper [15] treats the half-linear partial
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differential equation with first order term
V- (A(@)|Vo|* ' Vo) + (e + 1)|Vo|* ' B(z) - Vo + C(z)[v]* v = 0. (%)

The purpose of this paper is to establish a Picone identity for the half-linear partial
differential equation

P.[v] = ; 8?“ <(Ai(x))2|VAv|o‘_1§—;> + (@ +1)|Vav|* ' B(z) - Vv

(1.1)
+C(z)|v]* v =0

and to derive oscillation results for (1.1) using the Picone identity, where o > 0 is a constant
and

Ov Ov
VA’U E <A1($)8—m,,An($)a—%> o

We note that the half-linear partial differential equation (1.1) is a generalization of (x).
In fact, if

Ay(w) = As(x) = -+ = An(x) = A@) T (A(x) > 0),
we see that (1.1) reduces to

V- (A2)|Vo]*7 Vo) + (a + 1) A(z) 3+ |Vo[* ! B(z) - Vv
+ C(z)v|*tv = 0.
2. Picone identity. In this section we establish a Picone identity for (1.1), and obtain

a sufficient condition for every solution v of (1.1) to have a zero on G, where G is a bounded
domain in R™ with piecewise smooth boundary 0G.
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It is assumed that A;(z) € C(G;(0,00)) (i = 1,2,...,n), B(z) € C(G;R") and C(z) €
C(G;R).

The domain Dp, (G) of P, is defined to be the set of all functions v of class C'(G;R)
with the property that (Ai(x))2|VAv|o‘_lg—aZ € CYG;R)NC(G;R) (i=1,2,...,n).

THEOREM 2.1 (Picone identity). Ifv € Dp_ (G), v # 0 in G, then the following Picone

identity holds for any u € C1(G;R) :
0 (g AN Tl
2 gy \ "7 o(v)

=~ [Vau —uB(2)[**! + C(z)[ul]**!
a+1

+|VAu—uB(x)|a+1+a‘%VAv (2.1)

—(a+1)(Vau—uB(z)) (%VA’U)

_up(w) o
o) o

where @(s) = [s|*'s (s € R) and ®(£) = [£|*71¢ (€ € R™).
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Proof. A direct calculation yields

=1 (P(U)
" ou (Ai(@)’|Vavlet 2
_ ;wp (w) 3 () (2.2)
- '(v) Qv D)
~ 2w <_:§(E))l axi> (@) IVl 5
=1
! o, ((Ai(w))QIVAv “‘ﬁ—;)
- ; up(u) o) .

It is easy to see that

"~ Ou (Ai(x))2|VA’u a—1§9_;i B s , v ou
2 5a, ) ) - ‘P(;);(AM) Valt Tl omos (23)

in view of the fact that p(u)/e(v) = ¢(u/v). Since ug'(u) = ap(u), it can be shown that

iu () 22 (Ai(2))" |V av]"~' 52
2 0)

~as (%))

K2

(2.4)
o o

. 2 a—1
(Az(x)) |V av| 0z, 95,

1
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Using the identity ¢'(v) = a(p(v)/v), we obtain
S _H®) 00N )9 et O
2o (-G @) w2

= - a2¢ () Y (4@)’|Varl™ (5)

=l

Combining (2.2)—(2.5), we observe that

n 5 (As(@))“IVavl"™ 52
- Z ox; (ugp(u) w(v) ) >
. 2

o %p (%) Z(Ai(a:))2|VAv|a_1 <§;>

—(a+ e (%) Z(Ai@))Q'VA”'a_lg_;gﬂZ

.
Il
—

It is easily verified that

Lo et Z (Asia)? ( a_ )2 2.7)
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A simple computation shows that

—(a+1)p (%) Z(Ai(m))zw“‘v'a_lg_;g_fz

=1

—(a+1) ‘%VM‘M i (Ai(a:)g—;) <%Ai(x) g;) (2.8)

i=1

‘a—l

= —(a—‘,—l)‘%vAv (VAU)‘<%VAU>.

Hence, combining (2.6)—(2.8) yields the following :

" 5 (Ai(2))*|V av]ot 22

a—1

a+1
= X ‘

u
—VAU
v

_USO(U) "9 (o 2 Ua—lﬁ
(v) ;5‘@ <(AZ( )) IV av| 8mi>.

—(a+1) ‘%VA’U

(V a11) - (%VAU) (2.9)

P
We easily obtain
up(u)

(v)
=(a+1) ’%VA’U

[(a+ 1)|Vav|* 1 B(z) - Vav]
(2.10)

a—1

uB(zx) - (%VA’U) .
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Combining (2.9) and (2.10), we find that

" Ai(2))°|V av] 2
$ 2 (o

p(v)

m a+1 u a—1 U
=« ;VAU —(a+1) ‘;VAU‘ (Vau —uB(z)) - (EVAU) o)
up(u) [~ 9 2 1 Ov :
_ A; =197
o(v) ; Oz <( @)1V 9z
+ (@4 1)|Vav|* ' B(z) - VAU] .
Since
22 o ayfol o = Ol
¢ (v)
we conclude that (2.11) is equivalent to the desired Picone identity (2.1). O

THEOREM 2.2. Assume that there exists a nontrivial function u € C*(G;R) such that u = 0
on 0G and

Moy = /G [IV A — u B(@)|** — O()[u**!] dz < 0.

Then every solution v € Dp_(G) of (1.1) must vanish at some point of G.

Proof. Suppose to the contrary that there exists a solution v € Dp(G) of (1.1) satisfying

v # 0 on G. THEOREM 2.1 implies that the Picone-type inequality (2.1) holds for the
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nontrivial function . Integrating (2.1) over G, we obtain

a+1

0= —Mg[u]-i-/ [|VAu—uB(x)|a+1+a‘%VAv
@

—(a+1)(Vau—uB(z)) & (%v,w)} da

‘a o (2.12)

> / [|VAu—uB(m)|o‘+1+a‘l—LVAv
G v
—(a+1)(Vau—uB(z)) P (EVA’U)} dax.
v
It is easily seen that

Vau —uB(z) — %VA’U =vVy (%) —uB(x)=v [VA (;) - %B(x)} .

If
U u
Va <;) = ;B(x) =0 in G,
then we obtain the following
U u
v (;) = ;BA(x) =0 in G,

where

= (3. 245).

It follows from a result of Jaro§, Kusano and Yoshida [9, Lemma| that

% = Cpexp h(zx) on G
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for some constant Cy and some continuous function h(z). Since u = 0 on dG, we obtain
Cy = 0, and hence uw = 0. This contradicts the fact that u is nontrivial, and therefore we
find

Vau—uB(x) # %VAv in G.

Hence, it follows from a result of Kusano, Jaros and Yoshida [10, Lemma 2.1] that

a+1
/ [|VAU —uB(@)|*™ 4+« ’%VA’U
G

—(a+1)(Vau—uB(z)) - (%VAU)] dz > 0,

which, combined with (2.12), yields a contradiction. The proof is complete. O

3. Oscillation results. We consider the half-linear partial differential equation

RI=) 5 ((Ai<x>)2|vAv|a‘1§—;>+(a+1>|vAv|a-1B<w)-vAv

Ox; (3.1)

+C(z)v|*tv=0

in an unbounded domain ©Q C R"™, where o > 0 is a constant, A;(z) € C(€;(0,00)) (i =
1,2,...,n), B(z) € C(%R) and C(z) € C(R).

The domain Dp, () of P, is defined to be the set of all functions v of class C*({;R)
with the property that (Ai(:c))2|VAv|o‘_138—32’i e CYR) (i =1,2,...,n).

A solution v € Dp_(R2) of (3.1) is said to be oscillatory in Q if it has a zero in Q,. for
any r > 0, where

Q. =0n{x e R x| >r}.
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THEOREM 3.1. Assume that for any r > 0 there exists a bounded and piecewise smooth
domain G with G C .. If there is a nontrivial function u € C*(G;R) such that u = 0 on
0G and Mglu] < 0, where Mg is defined in Theorem 2.2, then every solution v € Dp_(§2)
of (3.1) is oscillatory in Q.

Home Page

Title Page

Proof. Let r > 0 be an arbitrary number. THEOREM 2.2 implies that every solution v €
Dp, (92) of (3.1) has a zero on G C Q,, that is, every solution v of (3.1) is oscillatory in Q. O

Contents . . .
LEMMA 3.2. Let0 < a < 1. Then we obtain the inequality
|vu|a+1 |W(1.)|a+1
_|_
11—« 1-—

for any function u € C*(G;R) and any n-vector function W(x) € C(G;R).

|Vu — uW (x)|*T < || T (3.2)

Proof. The following inequality holds:

(Vu) - ®(Vu) + o (Vu — ulW(z)) - & (Vu — uW (x))
Page 10 of 18 —(a+1)(Vu)- & (Vu—uW(x)) >0

(see, e.g., Kusano, Jaro§ and Yoshida [10, Lemma 2.1]). Hence, we have

e (Vu) - ®(Vu) + a (Vu —ulW(x)) - & (Vu — ulW(x))
—(a+1)(Vu —uW(z) + ulW(z)) - @ (Vu — uW(z)) >0,

Full Screen and therefore

|Vu|*T! 4 o|Vu — uW (z)]*
—(a+1) [|[Vu—uW (z)|[*T + uW(z) - @ (Vu— ulW(z))] >0,

or

|Vu|*T — (@ + D)uW (2) - @ (Vu — uW (z)) > |Vu — ulW (z)|*F. (3.3)
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Using Schwarz’s inequality and Young’s inequality, we find that

[(a + DuW (x) - © (Vu — ulW (z)) |

< (a+ 1D)|uW(x)||Vu — uW (z)|*

|uW (z)|*+1 N |Vu — uW (z)|*F! (3.4)
oa+1 O‘TH

= |[uW (z)|*T! + a|Vu — uW (z)|* .

< (a+1)

Combining (3.3) with (3.4) yields the following
|Vu — uW (2)[*T < |Vu|* T + (o + D)uW (z) - & (Vu — uW (z)) |
< |Vt 4 [uW (2)|*T + | Vu — uW (z) |,
and hence
(1= )|V — uW (2)[*F! < [Vul*T + W (@)[*H ul*H,

which is equivalent to (3.2). The proof is complete. O

THEOREM 3.3.  Let 0 < a < 1. Assume that for any v > 0 there exist a bounded and
piecewise smooth domain G with G C Q, and a nontrivial function u € C*(G;R) such that
u =0 on G and

/G [Mlvfula+1 - {C(x) - —K@”BA@)'QH} |u|°‘“] dz <0,

l—« l—«

where K (z) = (max;<i<y Ai(alc))a—|r1 and
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Then every solution v € Dp, () of (3.1) is oscillatory in Q.
Proof. 1t is easy to see that

|Vau—uB(z)| <,/ max (4;(x))? |Vu —uBa(z)| < ( max Az(:n)> |Vu —uB(z)|

1<i<n 1<i<n
and hence
|V au — uB(z)|*™ < K(2)|Vu — uBa(z)|*™. (3.5)
Combining (3.2) with (3.5), we obtain

K
|V au — uBa(z)|* < 1T(QZ|Vu|""H + —

K($)|BA($)|a+1 |u|o¢+1.

Therefore, we observe that
/ [IVau — uB(2)*" — C(z)|u|*™] da
@
K K(z)|B @l
</ [1 (x) |Vu|a+1 . {C(.’E) o ($)| A<x)| }|u|a+1:| i
o l1-

- o l-—«
and consequently, the conclusion follows from THEOREM 3.1. O

LEMMA 3.4. Let E(z) € C(G; (0,00)) satisfy E(x) > . Then the inequality

E(CL‘) ua—i—l
E(z) —a|v I+

|E(2)W (2)]**

[Vu — uW(:/v)|°""1 < |u|°""1 (3.6)

holds for any function u € C*(G;R) and any n-vector function W(x) € C(G;R).
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Proof. Proceeding as in the proof of LEMMA 3.2, we see that the inequality (3.3) holds.
Applying Schwarz’s inequality and Young’s inequality, we have

(o + DuW (z) - @ (Vu — uW (z)) |

_ (196) (@ + DE@)W(2)||Vu — uW (2)[*
1

()

Combining (3.3) with (3.7) yields the following

S

<

(|uE(m)W(m)|a+1 +a|Vu— uW(x)|“+1).

sl

E(z)W ()|

|Vu — uW (2)|*T < |Vu|*T + | Bl)

u|* T 4 |Vu — uW (z)|* !

E()

and therefore

o |E(2)W (z)|**!
1— Vu —uW atl 7y |etl a+1
(1= g5 ) IVu- w@lt < vupert 4 ECPHI o,
which is equivalent to (3.6). The proof is complete. O

THEOREM 3.5. Let K(x) > a. Assume that for any r > 0 there exist a bounded and

piecewise smooth domain G with G C Q, and a nontrivial function u € C1(G;R) such that
u=0 on G and

/.

Then every solution v € Dp, () of (3.1) is oscillatory in .

K@ Gost _ [ o) — (a2 A o] 4
e vupet = { o) - (B ]d <o
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Proof. We see from (3.5) and (3.6) with E(z) = K(x) that

/G [[Vau— u B(z)|*T! — C’(az)|u|°‘+1] dz

(K (= )2 a+1
<[ [—K(x)_aw +

- {o@ - w22 |u|a+1] i

Hence, the conclusion follows from THEOREM 3.1. The proof is complete. O

Let {Q(z)}s(r) denote the spherical mean of Q(x) over the sphere S, = {z € R" : |z| =
r}, that is,

1 1
Qs = 5y [ @as = o [ Qo
where w,, is the surface area of the unit sphere S; and (r, #) is the hyperspherical coordinates
on R™.

THEOREM 3.6. Let 0 < a < 1. If the half-linear ordinary differential equation

(= {2} wrw)

1l {C(x) _ K(f'f)|1BA($)I"”rl

}S () [yl 1y = 0

—

is oscillatory, then every solution v € Dp_ (R™) of (3.1) is oscillatory in R™.
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Proof. Let {ry} be the zeros of a nontrivial solution y(r) of (3.8) such that r; < 73 <
<o+ limg oo 7 = 00. Letting

Gr={z eR"r, <|z| <rp+1} (E=1,2,...)

and ug(z) = y(|z|), we find that

Mofu) < [ [ £ 9upt - {oe) - KB o] o

l-«a
= [ [{ £ oo

~{o - Kl (r)|y(r)|°‘+1] Ly

1—«
Tk+1
= —wn/
K(@)|Ba(z)|**
0.

(- {E2) owor-ve)
s+t {oge) - KEBAI Y <r>|y<r>|°‘—1y<r>] o)

Hence, the conclusion follows from THEOREM 3.3. O

THEOREM 3.7. Let K(x) > a in R™. If the half-linear ordinary differential equation

(- 2 )

+7"7 1 C(z) — (K (x))* |Ba(z)|**

(3.9)
e ety =0
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is oscillatory, then every solution v € Dp_ (R™) of (3.1) is oscillatory in R™.
Proof. The proof is quite similar to that of Theorem 3.6, and hence will be omitted. O

Oscillation results for the half-linear ordinary differential equation

()Y 121y +a(r)lyl*ty =0

have been derived by numerous authors (see, e.g., Kusano and Naito [11] and Kusano,
Naito and Ogata [12]). Various oscillation results for (3.1) can be obtained by combining
THEOREMS 3.6 and 3.7 with the results of [11, 12].

The following THEOREMS 3.8 and 3.9 follow by combining THEOREMS 3.3 and 3.5 with
the fact that the half-linear ordinary differential equation

(Korn—1|yl|a—1y/)’ + Corn—1|y|a—1y -0

is oscillatory for any n € N, a > 0, Ky > 0 and Cy > 0 (see Kusano, Jaros and Yoshida [10,
Example]).

THEOREM 3.8. Let 0 < a < 1. If there are positive constants Ky and Cy satisfying

e R

K(z)|Ba(z)[**!
11—«

> CO?

then every solution v € Dp, (R™) of (3.1) is oscillatory in R™.

THEOREM 3.9. Let K(z) > « in R™. If there are positive constants Ko and Cy satisfying

(E(2))* <Ky, C(z)—(K(x))

a+2 |BA(£U)|O‘+1 >
K(z) — « Co,

K(z)—a —

then every solution v € Dp_(R™) of (3.1) is oscillatory in R™.
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ExAMPLE. We consider the half-linear partial differential equation

0 v d v

ov ov 4
\% T 1162 2 x40% 41 -
+ 3|V 4| <38m1+ 68m2>+<3x 03 + >|U|v 0

(3.10)

for x = (21, 22) € R?, where

ov _ Ov
VA’U = <8—xl,28—x2> 0
Here n = a = 2, Al(x) — 1 AQ('T) =2, K(I) =8, B(I) = (358), BA('T) = (3>4)7
C(x) = (4/3) x 403 + 1. Since

(K(a:))2 _32 o) — (K(z at2 [ Ba@)*Ht
K@) —a 3’ Clz) = (K(=)) K(z) -« -

we can take Ky = 32/3 and Cy = 1. It is easy to see that K (z) > «, and hence THEOREM 3.9
implies that every solution v of (3.10) is oscillatory in R2.
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