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Abstract

We investigate the motion of a family of closed curves evolving on an embedded or immersed
manifold in three dimensional Euclidean space according to the geometric evolution law. We derive
a system of nonlinear parabolic equations describing the motion of curves belonging to a given two-
dimensional manifold. We consider both embedded and immersed manifolds. Using the abstract
theory of analytic semiflows, we prove the local existence, uniqueness of Holder smooth solutions
to the governing system of nonlinear parabolic equations for the position vector parametrization of
evolving curves. We apply the method of flowing finite volumes in combination with the methods
of lines for numerical approximation of the governing equations. Numerical experiments support
the analytical conclusions and demonstrate the efficiency of the method.

Keywords: Curvature-driven flow, binormal flow, analytic semi-flows, Holder smooth solutions,
flowing finite-volume method.

1. Introduction

In this article we investigate motion of a family {I';,¢ > 0} of closed curves evolving in three
dimensional Euclidean space (3D) according to the geometric evolution law:

8tX:vNN+vBB+vTT, (1)

where the unit tangent T, normal N and binormal B vectors form moing Frenet frame. In this
paper, we restrict our interest to the investigation of the dynamics of three-dimensional closed
curves on embedded manifolds.

The three-dimensional motion of closed curves is motivated by various physical applications
arising in materials sciences, fluid dynamics, or molecular biology. In fluid dynamics, the motion
of the curve space is often applied to the analysis of vortex structures firstly studied by Helmholtz
[21]. For a detailed summary of recent advances in this field, we refer the reader to Kolar, Benes
and Sevcovic [7] and references therein. In that paper, we investigated the dynamics of vortex
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rings represented by interacting space curves. However, vortex-ring dynamics generally does not
deal with knotted curves.

In material sciences, more particularly in dislocation dynamics, a geodesic description of space
curves has recently been used in Kolar et al. [28] as a convenient mathematical framework to
simulate a dislocation cross-slip phenomenon in the crystalline structure of solids. Moreover, the
dynamics of dislocations climb [38] 39] investigated by Niu et al. motivates us to study the problem
of diffusion and transport along a moving space curve, as we investigated in Benes et al. [8]. In
nanomaterials manufacturing, a procedure called electrospinning, i.e. jetting polymer solutions in
high electric fields into ultrafine nanofibers, is frequently used - see, e.g., Reneker [42], Yarin et al.
[17], He et al. [20] and particular references therein. Structures arising from the electrospinning
procedure move in space according to and under the effect of electric forces [47] to form
nanofibers. In molecular biology, three-dimensional structures moving in space according to
under the effect of chemical kinetics are observed. Such structures can interact with each other.
See, e.g. Shlomovitz [45, 46] or Fierling [14], Kang [24] or Glagolev [I§]. Recently, a motion in
the normal and binormal directions of a system of space curves bound together via a Biot-Savart
type of force from the local existence and uniqueness point of view has been discussed by Kolar
and Sevéovic in [29]. In [27], the flow that preserves the area was treated by geodesic description
of the curves. The computational aspects of the Lagrangian description of space curves have been
elaborated by Narayananin and Benes in [37]. Structure of constrained gradient flows of planar
curves hs been recently studied by Kemmochi, Miyatake, and Sakakibara in [25].

In a recent paper [I1], Deckelnick and Niirnberg introduced an innovative approach to the evo-
lution of parametric curves influenced by the anisotropic curve shortening flow, as presented in R3.
This formulation is contingent upon meticulous adjustment of the tangential velocity within the
parameterization, thus reformulating the problem into a strictly parabolic differential equation.
The equation is expressed in divergence form, which facilitates the formulation of a natural vari-
ational numerical method. Optimal error estimates are derived for a fully discrete finite element
model utilizing piecewise linear elements. Numerical experiments support the analytical conclu-
sions and demonstrate the efficiency of the method. In [9] by Binz, optimal error estimates for
semidiscrete and fully discrete approximations describing isotropic curve shortening flow are also
studied in three dimensions.

The paper is organized as follows. In the second section, a parametric description of evolving
curves is introduced. In the third section, we restrict our interest to the motion on a closed surface
without boundary. We derive a force term that attaches the curve to the surface and formulate the
system of governing equations for such a restricted 3D motion. In the fourth section, we discuss
the conditions for the existence and uniqueness of classical Holder solutions. We also recall the role
of the tangential velocity when using the parametric description. In the fifth section, we propose
the numerical approximation scheme based on the flowing finite-volume approach. Finally, several
computational examples are presented in the sixth section.

2. Lagrangian description of evolving curves

Our methodology for solving is based on the so-called direct Lagrangian approach investi-
gated by Dziuk [12], Deckelnick [10], Gage and Hamilton [I5], Mikula and Sevcovic [33, 34, 35, [36],
and references therein). We explore the direct Lagrangian approach for an analytical and numerical
solution of the geometric motion law . The evolving family of curves I'; is parametrized by the
mapping X such that T'y = {X(u,t),u € I,t > 0} where X : I x [0,00) — R3 is a smooth mapping.
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In what follows, we denote by I = R/Z ~ S! the periodic interval I = [0,1] isomorphic to the
unit circle S'. We assume that the scalar velocities vy, vy, vg are smooth functions of the position
vector X € R3, the curvature &, the torsion 7, that is,

vk = v (X, k,7,T,N,B,T"), K e€{T,N,B}.

The unit tangent vector T to I'; is defined as T = 0,X, where s is the unit arc-length parametriza-
tion defined by ds = |0, X|du. Here, |x| and xTy = x -y denote the Euclidean norm and the inner
product of the vectors x,y € R% The curvature x of a curve Iy is defined as x = |0;X x 02X| =
|02X]. If k > 0, we can define the Frenet frame along the curve Iy with unit normal N = £~ 192X
and binormal vectors B = T x N, respectively. Recall the Frenet-Serret formulae:

4 (T 0 x 0\ /T
15 N]=|-« 0 7 N,
S\B 0 —r 0/ \B

where 7 is the torsion of I' given by 7 = k= 2(T x 9;T)T0?T = r~2(0;X x 9?X)T93X. We study
a coupled system of evolutionary equations describing evolution of closed 3D curves evolving in
normal and binormal directions,

More specifically, we focus on the motion of a family of curves evolving in 3D and satisfying
the geometric law

XX = ad?X 4+ F(X, 0:X) + ad,X, (2)

where a = a(X,T) > 0, and F = F(X, T) are bounded and smooth functions of their arguments.
Since OEX = kN and B = T x N the relationship between geometric equations (1) and reads
as follows:

vy =ak+FIN, vp=F'B, vp=FT+a. (3)

The system of equations is subject to the initial condition
X(u,0) = Xo(u),u € [ = R/Z ~ S, (4)

representing parametrization of the initial curve I'y.

3. Evolution of closed curves on a closed surface without boundary

In this section, we analyze the evolution of closed curves on a two-dimensional surface without
boundary. First, we discuss the evolution of curves in embedded manifolds.

3.1. Evolution of curves on embedded manifolds
Assume .# € R3 is an embedded manifold given by .Z = {X = (X1, X2, X3)T € R?, f(X) = 0}
where f(X): R® — R is a C3 smooth regular map. This means that Vf(X) # 0 for X € ..
Let ¢(u,t) = f(X(u,t)). Then
¢ = VX)ToX
= V(X)) (a02X +F + adsX) = aVf(X)TOX + VF(X)F + aV f(X)T9;X
= ads (Vf(X)T9:X) — ads XTV?f(X)9sX 4 Vf(X)TF + adso
= ad%p — ad, XTV2f(X)0:X + Vf(X)TF + adso

because ds¢ = V f(X)T0,X.
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b)

Figure 1: A knotted curve a) belonging to the embedded torus surface b).

Theorem 1. Suppose that the external force F is given by
TTV2f(X)T + h(f(X))
IV(X)?
where h : R — R is a smooth function, h(0) = 0. If the initial curve Ty C . then the evolving

family curves Ty, for t > 0, belong to the manifold .# = {X € R3, f(X) = 0}. Furthermore, the
tangential velocity vp = «.

F(X,T) = VI(X) (5)

Proof. If the initial curve I'g C .# then ¢(-,0) = f(X(+,0)) = 0. The function ¢ is a solution to
the parabolic equation:

Od = adi¢ + h(¢) + adsp, . (6)

with a zero initial condition ¢(-,0) = 0. Since h(0) = 0 we have ¢(-,t) = 0 for all ¢ > 0.
That is I'y € #. The projection of FTT to the tangent direction is vanishing. In fact, as

0= 0.6 = VS(X)TT. we have F(X, T)TT = o TVLEITHICN G (x)1T = 0,

O]

Next, we shall prove that a closed curve I' C .# is locally asymptotically stable in the sense
that ¢(-,t) = f(X(-,1)) = 0= f(X(-)) as t — o0o.

Proposition 1. Suppose that h : R — R is a smooth function such that h(0) =0, h'(0) <0, and
that the closed curve T C .. Then there exists § > 0 such that ||¢(-,t)||2 = O(exp(—wot)), ast —
00, provided that ||¢(-,0)[|2 < & where ¢(-,t) = f(X(-,t)) for a closed curve T'y = {X(u,t), u e I}.

Proof. Suppose that the curve I' = {?_((u),u € I} C A is uniformly parameterized, i.e., g(u) =
L(T) for all u € I where g(u) = |0,X(u)|. Without the loss of generality, we may assume that
=0 and

Op =L (7)
where ¥ is the linearization of equation (H) at ¢ = f(X) =0, ie., Lo = )2 gif + B (0)o.
Since h'(0) < 0, the real part of the spectrum () is strictly negative, that is, Re a(.,i”) <
h'(0) < 0. As a consequence, ||¢(-,t)|l2 = O(exp(—wot)), as t — oo. Here ||¢(-,1)||3 = fO u, t)?du
and h'(0) < wp < 0. Applying the principle of linearized stability of scalar semilinear parabohc
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equations (cf. Henry [22]), we conclude the existence of a § > 0 neighborhood of ¢ = 0 such that
lo(-, t)]]l2 = O(exp(—wot)), as t — oo, provided that ||¢(-,0)|]2 < 0. Because ¢ = f(X), the proof
of the proposition follows.

O

Theorem 2. Suppose that the external force ¥ is defined by equation (@, and the initial curve
Lo C A . Then the geometric flow of the curves, which satisfies the law (9), represents the length-
shortening flow on the surface M, i.e., %L(Ft) < 0, where L(I'y) denotes the total length of the
curve I'y.

Proof. Suppose that the initial curve T'g C .#. With regard to Theorem [I] we have I'; C .# for any
t > 0. That is, ¢(s,t) = f(X(s,t)) =0 for all s € [0, L(T";)] and ¢ > 0. Hence 0 = 9s¢ = V f(X)TT,
and

0=202p=TTV f(X)T 4 Vf(X)T9,T = TTV2f(X)T + sV f(X)TN.

The projection of the velocity 9;X to the normal direction N is given by

XA BTN oy d TVAOT o (VA(X)TN
oy = (@0;X+F)TN=ar+ VX)) VA(X)TN SIS
o (VIOTNR (VAX)TB)? .
VIX)P VIX)P

because [V f(X)[* = (V/(X)TN)? + (Vf(X)TT)? + (Vf(X)TB)? = (Vf(X)TN)? + (Vf(X)"B)*.

e | s [ a2 (CIXTBR
LT = / nds = / vrR ¢

IA
o

(9)

O

Remark 1. The geodesic curvature k9 of a curve I' C M can be defined as a projection of the
derivative 05T to the unit vector N9 perpendicular to T and belonging to the tangent space Tx (M)
at the point X € M. Both vectors belong to the tangent space Tx (M) that is perpendicular to the
outer normal vector V f(X) to the surface M. The unit normal vector to the surface M is given
by the vector V f(X)/|V f(X)|. Therefore, N9 = (Vf(X) x T)/|Vf(X)|. Hence,

K9 = O,TTNY = kNTNY = kNT(Vf(X) x T)/|Vf(X)|
= &VIX)(T x N)/[VF(X)| = c(V,X)B)/|Vf(X)].

According to Mikula and Sevéovié [36, Eq. (12)] we have %L(Ft) == th kIvneds. If the normal

velocity vyg is proportional to the geodesic curvature, vV’ = ar9 then we obtain
d (V/(X)'B)?
—L(I}) = —/ kKIvngds = —/ a(k9)%ds = —/ ar? - 2 ds < 0. 10)
g == | nfons L, 4 T IXOP (

which is the relation (@
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a) b)

Figure 2: a) An initial knotted curve belonging to the Klein bottle immersed surface b)

3.2. Bvolution of curves on immersed manifolds

In this section, we discuss the evolution of 3D curves evolving on immersed manifolds. We
consider an immersed manifold M = {X = X(Y), Y € I x I} where Y = (¥1,Y3)T and
X = (X1, X2, X3)T are parameterized by immersion X : I x I — R3. Here we remind the reader
that I = [0, 1] is the 1-periodic interval. Then

XX =VX(Y)Y, 9,X=VX(Y)dY, &X=VX(Y)PY +0,YV2X(Y)dY
where VX = VX(Y) is the 2 x 3 matrix:
oXy 09Xy 09Xy
VX = <8Y1 oY1 8Y1> ’

0X) 90Xy O0X3
Yy 0Y> 0Y>

and, the vector s YTV2X(Y)0;Y € R3 is constructed as follows:

2x
B YTV2X(Y)D,Y = (0, Y VX (Y)Y )je103 € R, V24, = ( 0 ) .
OYi0Y; /i o1

The 2 x 3 matrix VX (Y) has the full rank equal to 2 because the mapping X is assumed to be an
immersion. Furthermore, as X = X(Y) we have

ds = |0, X|du = |[VX(Y)T0,Y|du = |[VX(Y)Tt(Y)]|0.Y |du,

where t = t(Y) = 9,Y/|0,Y| is the unit vector. Therefore, the derivative of Y w. r. to the
arclength parameter s can be written as

oY _ ! oY
s |[VX(Y)Tt(Y)||0.Y| Ou”
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Proposition 2. A 3D closed curve I'y = {X(s,t),s € [0,L(I't)]} C M evolves according to the
geometric equation:

XX = ad’X + F(X,0,X) + adsX, X(-,0) = Xo(), (11)
if and only if the function Y (-,t) C R? is a solution to the parabolic equation:
WY = ad?Y + G(Y,05Y) +adsY, Y(-0)=Yo(), (12)

where a = a(X,0;X) = a(X(Y),VX(Y)T0,Y), ds = |0, X|du = |VX(Y)Tt(Y)||0,Y |du. The
mapping G is defined as follows: G(Y,0,Y) = M(Y) [0, YTVZX(Y)0;Y + F(X(Y),VX(Y)T0,Y)],
and the 2 x 3 matriz M(Y) is the left Moore-Penrose pseudoinversion of VX(Y)T, i.e.

M(Y) = (VX(Y)VX(Y)")T'VX(Y), (13)
and X(u,0) = X(Y(u,0)), uvel.
For the Moore-Penrose pseudoinversion we refer to Pavlikovéd [41] and references therein.

Remark 2. As an initial condition, we can consider Y (u,0) = (ku,lu)T, u € I where k,l € N
(see Figs. |1] and @), Discretization of the initial condition is as follows:

Y;(0) = Y(u;,0), i=1,...,N.

The 2 x 2 matriz VX(Y)VX(Y)T is positive definite because the mapping X is immersion. For
the torus surface we have

det(VX(Y)VX(Y)T) = 167*2(R 4 r cos(2mv))? > 167%r*(R — 7)? > 0.

On the other hand, for the Klein bottle surface shown in Fig. @ (right) we observe large spectral
variations in the 2 x 2 positive definite matric VX(Y)VX(Y)T. Namely,

det(VX(Y)VX(Y)T) € (0.0145, 32020).

An example of non-orientable Klein bottle immersed manifold in R? parametrerized by X =
(Xl, XQ, Xg) where

Xy (u,v) = —(2/15) cos(2mu)(3 cos(2mv) — 30sin(2mu) + 90 cos(2mu)? sin(27u)
—60 cos(2mu)® sin(2mu) 4 5 cos(2mu) cos(2mv) sin(27w)),

Xy(u,v) = —(1/15)sin(2mu)(3 cos(2mv) — 3 cos(2mu)? cos(2mv) — 48 cos(2mu)* cos(2mv)
448 cos(27mu)° cos(2mv) 4 60 sin(27u) + 5 cos(27u) cos(2mv) sin(2mu)
—5cos(2mu)> cos(27v) sin(27u) — 80 cos(27u)® cos(2mv) sin(2mu)
480 cos(27u) " cos(2mv) sin(2mu)),

AX3(u,v) = (2/15)(3 4 5cos(2mu)sin(27w)) sin(27v).

The surface of the Klein bottle is shown in Fig. [2, b). The initial curve Xg is parameterized by
Xo(u) = X(ku,lu), wel,

where k = 1,1 = 4. Tt is shown in Fig. [2, a). The Klein bottle is an immersed manifold in R3. Tt
is well known that it can be embedded in R* but it cannot be embedded in R3.
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4. Existence and uniqueness of classical Hélder smooth solutions

In this section, we present results on the existence and uniqueness of the classical Holder
smooth solution to the system of equations for the motion of the time-dependent family of
curves Iy = {X(u,t), u € I}, t > 0, evolving in R3. Furthermore, we prove the existence and
uniqueness of solutions Y = Y (u,t) of the non-linear equation (12)) (see Proposition . We
employ the analytical framework developed by Benes, Koléf, Sevéovié [6, [7] in the context of curve
evolution in R3 and Mikula and Sevcovic [33, 34, 35 B6] for the evolution of planar curves. The
proof of the existence and uniqueness of solutions in Holder spaces is based on the abstract theory
of analytic semiflows in Banach spaces, as established by DaPrato and Grisvard [19], Angenent
[1, 2] and Lunardi [30]. The proof is based on the analysis of the position vector equation ,
where a uniform tangential velocity vr is considered. The nonlinear parabolic equation , and
similarly (12), can be rewritten as the abstract parabolic equation: 9,X = .7 (X), X(0) = Xg, on
a scale of suitable Banach spaces. Suppose 0 < ¢ < 1, and k € N. The little Holder space hk+5(S b
is the Banach space defined as the closure of C*° smooth functions defined in the periodic domain
S1. The norm is the sum of the C* norm and the e-Holder semi-norm of the k-th derivative. Next,
we define the following scale of Banach spaces consisting of (2k + ¢)-Hoélder continuous functions
in the periodic domain I ~ S*:

gl_CX _ h2k+£(sl) > h2k+£(51) > h2k+5(51), 513/ _ h2k+a(sl) > h2k+€(51), k= O, %’ 1. (14)

For the application of the theory of nonlinear analytic semiflovs due to DaPrato and Grisvard
[19], Angenent [T}, 2], and Lunardi [30], it is sufficient to prove that, for any X, the linearization
o = F' (X) generates an analytic semigroup in the space in SOZ , and it belongs to the maximal
regularity class between Banach spaces &7 and £ for Z € {X,Y}. Now we can state the following
result, stating the local existence and uniqueness of solutions to the system of nonlinear geometric

equations .

Theorem 3. Assume .# € R? is an embedded manifold given by # = {X € R3, f(X) =0} where
f:R3 = R is a C* smooth regular map, i.e., Vf(X) #0 for X € M, and a = a(X,T) >0 is a
C? smooth function, a : R? x R? — R. Assume that h : R — R is a C? smooth function, h(0) = 0.
Suppose that the parameterization Xg of the initial curve I'g belongs to the Hélder space Six, and it
is uniformly parameterized |0,Xo(u)| = L(I'g) > 0 for all w € 1. Assume that the total tangential
velocity vp preserves the relative local length. Then there exists T > 0 and the unique solution X
to the initial value problem:

XX = ad?X + F(X,0,X) + adsX, X(-,0)=Xo(:), uel, te0,T),
where the external force F is given by (@ Moreover, X € C([0,T], &%) N CL([0,T], EF).

Proof. We rewrite the non-linear parabolic equation ({2)) in the form: ;X = .%#(X), where .7 (X) =
ad?X + F(X, 9sX) + adsX. Under the assumptions made on functions a, f, and h, the mapping

EX 3 X = F(X,0,X) + ad, X € &F
2

is C'! mapping from the Banach space Sf to 55(.
2

Assume X belongs to the Holder space £, and it is uniformly parameterized, |9, X| = L) >0
for all w € I. Then the linearization «# = .#'(X) can be decomposed as follows: & = o) + A
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where the principal part @ containing the second order derivative has the form X = #83X
It is known that o generates an analytic semigroup in the space in Sg( , and it belongs to the
maximal regularity class between the Banach spaces &% and & (cf. [I, 2]). Furthermore, the
operator @ = of — 4 first order derivative of X. It is a bounded linear operator 24 : &1 — &.
Therefore, the operator o considered as a mapping from &1 — &y has the relative zero no?m with
respect to <% . Therefore, the linearization </ belongs to the maximal regularity class M(&1, &)
because this class is closed with respect to perturbation with the relative zero norm (cf. [2, Lemma
2.5], DaPrato and Grisvard [19], Lunardi [30]). The proof now follows [2, Theorem 2.7] due to
Angenent. O

Theorem 4. Assume .# is an immersed manifold in R® given by # = {X = X(Y), Y €IxI}
where X : I x I — R3, is a C* smooth immersion, rank(VX(Y)) = 2 for all Y € I x I, and
a=a(X,T) >0 is a C% smooth function, a : R? x R? — R. Suppose that the initial condition Y
belongs to the Hélder space £, and |0, Yo(u)| > 0 for all u € I. Then there exists T > 0 and the
unique solution Y to the initial value problem:

oY = ad®Y + G(Y,0,Y), Y(,0)=Yo(), uecl, te0,T),

where G(Y,0,Y) = M(Y) [0;YTV2X(Y)0,Y + F(X(Y),VX(Y)T0,Y)]|, and the 2x3 left Moore-
Penrose pseudoinversion M(Y) is given by . Moreover, Y € C([0,T], &) nC*([0,T],&)).

Proof. Under the assumptions made on the immersion mapping X : I x I — R3, we have

EV 5Y — G(Y,0,Y) + ad,Y € &
2

is a O mapping from the Banach space £1 to &) . The rest of the proof is essentially the same as
2
that of Theorem Bl O

5. Flowing finite volumes numerical discretization scheme

In this section, we present a numerical discretization scheme for solving the system of equations
, which is enhanced by adding the tangential velocity «. The discretization utilizes the method of
lines with spatial discretization achieved through the finite-volume method. We focus on evolution
of curves I'y,t > 0, satisfying the governing equation:

XX = ad?X + F(X,0,X) + aT. (15)

We consider M discrete nodes Xy = X(ug), k=0,1,2,..., M, Xo = X} along the curve I';. The
dual nodes are defined as Xk,i% = X(ug £ h/2) (see Fig. ) where h = 1/M, uy, = kh € [0, 1] and
(X +Xk+1)/2 is the midpoint of the line segment connecting nodes X and Xy and differs from
in% € I'y. The k-th segment Si of I'; between the nodes Xk+% and Xk_% represents the finite

volume. Integration of equation over such a volume yields

U, 1 U1 X Uy 1 Up, 1
/“? 8tX]8uX\du:/ b O ([ Ou du+/ k+7F[8uX\du+/ TP Xdu.  (16)
u, 1 uk_% au |8UX| U, 1 U, 1

k=3 k-3 k—3
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Figure 3: Discretization of a segment of a 3D curve on a surface by the method of flowing finite volumes.

Let us denote d, = | Xy — Xj—1| for k =1,2,..., M, M + 1, where Xy = Xy and Xs+1 = X for
the closed curve I' and we approximate the integral expressions in by means of the flowing
finite volume method as follows:

dXy dgy1 + dy /“k+%

Up 1
/ 7 9,X]0,X | du ~
u

0, X Xpr1 — X X — X
al ~a — ,
dt 2

o du
“ |8uX| dk+1 dg

X1 — Xg—1
—

1
k-3

di41 + dg

-

Up 1
/ 2 B19,X]du ~ F,
” 2

k—

a0y Xdu =~ oy,
u

1
k—3

NI

The estimation of the nonnegative curvature x along with the tangent vector T and the normal
vector N, where kIN = 9;T, can be expressed as follows:

N, ~ 1 2 (Xk+1 — X Xy - Xk—l) T, ~ Xpy1 — X1
0+ K di + diy1 dg11 dy ’ dg1 + dg
oy~ 2 (Xk-l-l —Xp Xy — Xk—1>
di + dg41 di+1 dg ’

where 0 < § < 1 is a small regularization parameter. To discretize the governing system of equa-
tions, we assume that 0;X, 0, X, F, «a, k,a,b, T, and N remain constant on the finite volume S
bounded by the nodes X, _ 1 and X 1. These variables assume the values 0; Xy, 0, Xk, Fi, ai, ki, Tk,
and Ny, respectively. In the approximation of the nonlocal vector function Fi, the curve I'; used
to define F is replaced by a polygonal curve having vertices at (Xg,Xq,...,Xys). The numer-
ical approximation of the tangential velocity «y is summarized at the end of this section. The
semidiscrete scheme for resolving is expressed as follows.

X1 — X1
di+1 + dg

dXp a 2 (Xk+1 —Xi X — X1
dt di+1 + d; dk+1 dg
Xk(O) = X,-m(uk), for k = 1,...,M.

>+Fk+ak

The resulting system of ODEs is numerically solved using the 4th-order explicit Runge-Kutta-
Merson method, incorporating automatic time step control with a tolerance level of 1073 (refer to
[40]). The initial time step was selected as 4h?, where h = 1/M denotes the spatial mesh size.
Recall that the tangential component « of the velocity vector for evolving closed curves {I'y,t >
0} maintains their shape unchanged (cf. Epstein and Gage [13]). However, for numerically solving
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, the careful selection of the tangential velocity functional « is key to preserve the stability of the
computational procedure (cf. in Mikula and Sevéovic [33, 34, 35]). The significance of tangential
velocity is substantial in both theoretical and computational analyses of curve evolution, as shown
by the works of Hou et al. [23], Kimura [26], and Mikula and Sevcovic [33] 34, 35], together
with Yazaki and Sevcovic [44]. Barrett et al.[3, @], and Elliott and Fritz [31], explored gradient
and elastic flows for closed and open curves in R?, where d > 2, and formulated a numerical
approximation method to effectively redistribute the tangential component. Furthermore, the
relevance of tangential velocity is recognized in material science investigations by Benes, Kolar,
and Sevcovié [5] and in the contexts of interactive evolving curves [6]. In a different field, Garcke,
Kohsaka, and Sevéovic [16] applied uniform tangential redistribution to theoretically confirm the
nonlinear stability of curvature-induced flows with triple junctions in planes. Remesikova et al.
[32] analyzed the tangential redistribution effects for the flows of the closed manifolds in R™. By
adjusting the timing of the local relative length |0,X(u,t)| and the total curve length L(I';) =
fol |0uX (u, t)|du, it is possible to derive equation for the ratio:

§t|auz<(¥z;t)’ = |8uz((¥$t)’ (Osa — Koy + (kvn)), where (koy) = L(lf) /F KuNds. (17)

Therefore, the ratio |0,X(u,t)|/L(I";) is constant with respect to the time ¢, i.e.
X ()| _ [0.X(u,0)]

L(Ty) L(Ty)

provided that the tangential velocity satisfies dsa = kvy — (kvn). Another suitable choice of

the tangential velocity « is the so-called asymptotically uniform tangential velocity proposed and
analyzed by Mikula and Sevéovic in [34], B5]. If the parameter w > 0 and

for any t > 0, (18)

L(I)
Osax = — —— 1 19
o = Koy — (Kuy) + <]8UX(u,t)] >w, (19)
. - 0. X (ut)] . . .
then, using lb we obtain lims_, o Ty — 1 uniformly with respect to u € [0, 1] provided

that w > 0 is a positive constant. This means that the redistribution becomes asymptotically
uniform. The numerical approximation of the tangential velocity follows from [43] [44]. It
requires discrete values of curvature xj, normal velocity vy, and segment lengths dj, and a
straightforward trapezoidal integration is used (cf. [44]). The values avy = aps are chosen such that
SM  @i(div1 + di)/2 = 0. Then the values ay, for k = 0,1,..., M are uniquely given and direct
integration of leads to the following formulas

: L(Ty) ,
o; = o1 + g |:l‘<~7iUN,idi — (KVUN>di + ( i — dz> w] , t=2,...,M,

. (20)
M %
- 1 (dig1 +d;) L(T)
o] = _ZM @it dy) {Z 5 (Z |:f€iUN’idi — </€UN>di + ( Vi —d; |w .
=1 2 =2 k=2
Remark 3. Numerical approrimation of the immersed manifold projection (@
Yirr = Yl + Y5 = Yia| oy, /“H% 1 Kl 1 oY N
2 T e VX)) 0 \[VX(Y)T(Y)][0.Y |
-2

N 1 ( 1 Yii1— Yy 1 Y- Y )
IVX(YR)Tt(YR)| \ VX (Y 1)T6 (Y1) [Yir1 — Y| VXY R)TE(YR)| [V — Y]
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where t(Yi) =~ (Yr — Yi-1)/|Yr — Yi_1|. Similarly, the terms 0sY and 0;Y in @ can be
approzimated as follows:

1 5~ 1 Y. —-Y, 4
VAT YT VA (YT (Y)Y — Y|

dYy dgyq + dg
—

83Yk =

Uy 1
/ 910, Y | du ~
u

k—

[V

The approzimation of the 2 x 3 matriz M(Yy) is straightforward. We approxzimate the partial
derivatives g;‘;} ,i=1,2,3,7 = 1,2, by meanf of finite diferences. The 2x 2 matrix VX(Y)VX(Y)T
can be explicitly inverted. Notice that this matriz is regular because X is immersion.

6. Examples

In our examples we consider evolution of an initial Fourier curve parameterized by a finite
trigonometric series in the parameter u € I. Here we remind [ is identified with the unit circle
and I = R/Z ~ S*.

In all of our numerical experiments, we use M = 200 discretization nodes, uniform tangential
redistribution, and the regularization parameter ¢ in the discrete approximation of curvature was
set to 6 = 1075,

6.1. Ewvolution of knotted curves on torus
As an example of a torus, we can consider immersion X : I x I — R3 defined as:

X (u,v) = ((rcos(2mv) + R) sin(27u), (rcos(2wv) + R) cos(2mu), rsin(27wv))T, (21)

where 0 < r < R and u,v € I. The torus surface can also be defined as an embedded manifold
M= {X = (Xl,XQ,Xg)T S RB, f(X) = 0} where

JX) = (X} +X3)2 = R)? 4+ X5 —°,

Its gradient V f(X) and the Hess matrix V2 f(X) are given by

VIX) = 2X 2R (Xi/(X}P+ X3)E, Xo/ (X} +X3), 0), (22)
1
VI = 2(XP+ X3+ X3 - 2R(XD+ X3)% + R2), (23)
VIX) = 21—2%(X2,—X170)(X27—X170)T7 (24)
(XF +X3)>
TV F(X)T = 2—2%(T1X2—T2X1)2, (25)

(X7 +X3)2

where the unit tangent vector T = (T1,T5,T3)T. The torus surface is shown in Fig. [l The initial
curve X derived from mapping is parameterized by

Xo(u) = X(ku,lu), wel,

where k = 2,1 =3, 7 =1 and R = 4. Its time evolution is shown in Fig.[d The curve shrinks and
converges to the stationary state with constant length as suggested in Fig. |§| a).
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=Je

Initial curve t =0

Q0

Intermmediate curve t = 2.5

0

Limiting stationary curve t = 22.5

Figure 4: A time evolution of a knotted Fourier curve belonging to the orientable torus surface with parameters
0<r=1<R=4,andk=2,1=3.
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6.2. Attraction of curves by a torus surface

In this part, we present an example of evolution of initial closed curves belonging to a small
neighborhood of the given surface M (see Proposition .

The following computational example demonstrates how an initially knotted curve evolves
according to geometric evolution equation driven by the force term . The reference surface
is the torus given by immersion with r = 1, R = 4. The initial curve Xy is parametrized by
mapping as

Xo(u) = X(ku,lu), wel,

where k = 3,1l =5, r =2 and R = 4. The time evolution of such an inflated initial curve is shown
in Fig. [5l The curve continues to shrink until it attaches to the torus surface and eventually finds
its stationary state with constant length, as suggested in Fig. |§| b).

6.3. Ewvolution of simple curves on surface with genius 0 with humps

The last example is shown in Fig. [7l .# = {X = (X1, X2, X3)T € R3, f(X) = 0} where
FX) = X7+ X3 + (X5 = 6(X1, X)) = 7%, 6(X1, Xo) = h(X1 — 1, Xa) + h(X1 +1, X3),

where h is a smooth bump function, h(X1, X2) = v 2-1/(1=X{=X3) for X2+X2 < 1,and h(X1, X2) =
0, otherwise. In the example shown in Fig. [7| we set r = 2.5,¢ = 4, and v = 3. The initial curve is
an ellipse projected onto the surface, i.e.

1
To={X= (X1, X2, X3), Xi/2+X3=2 Xs=c '(r?—X]—X3)2+ ¢(X1,Xo).

7. Conclusion

In this paper, we investigated the curvature-driven flow of a family of closed curves evolving
on an embedded or immersed manifold in the three-dimensional Euclidean space. We analyzed
the qualitative behavior of such a flow. Using the abstract theory of analytic semi-flows in Banach
spaces, we prove the local existence and uniqueness of Holder smooth solutions to the governing
system of evolution equations for the curve parametrization. We demonstrate the behavior of
sulutions in several computational examples constructed by means of the flowing finite-volume
method and asymptotically uniform tangential redistribution of discretization points.
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=g«

Initial curve t =0

=4

Intermmediate curve t = 1

0

Limiting stationary curve ¢t = 19.75

Figure 5: A time evolution of initially inflated knotted curve belonging to the orientable torus surface with parameters
0 <r=1< R =4. Topologically more complex case corresponding to the choice kK = 3, [ = 5 in initial condition.
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Figure 6: Lengths L(I';) of shrinking curves on the torus - a) and attaching to the torus - b).
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