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Abstract

In this paper we investigate a dynamic stochastic portfolio optimization problem
involving both the expected terminal utility and intertemporal utility maximization.
We solve the problem by means of a solution to a fully nonlinear evolutionary
Hamilton—Jacobi—Bellman (HJB) equation. We propose the so-called Riccati method
for transformation of the fully nonlinear HIB equation into a quasi-linear parabolic
equation with non-local terms involving the intertemporal utility function. As a numer-
ical method we propose a semi-implicit scheme in time based on a finite volume
approximation in the spatial variable. By analyzing an explicit traveling wave solution
we show that the numerical method is of the second experimental order of convergence.
As a practical application we compute optimal strategies for a portfolio investment
problem motivated by market financial data of German DAX 30 Index and show the
effect of considering intertemporal utility on optimal portfolio selection.
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1 Introduction

In this paper, we investigate the impact of presence of a nontrivial intertemporal
utility function on stochastic optimal portfolio selection problem. The problem can be
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formulated in terms of the expected terminal and intertemporal utility maximization
problem, in which the underlying stochastic process is controlled by a vector of time-
dependent weights of assets entering a financial portfolio.

To solve the expected terminal and intertemporal utility maximization problem, we
follow a methodology based on solving a fully nonlinear parabolic Hamilton—Jacobi—
Bellman equation for the intermediate value function of the corresponding optimal
control problem. A similar problem was investigated by Federico, Gassiat and Gozzi
[7], where they studied a problem of terminal and intertemporal utility maximization in
an investment-consumption portfolio setting and the current utility being dependent
also on the wealth process. They studied properties of solutions to a dual control
problem.

The novelty of our paper is generalization of the transformation method proposed
and analyzed by Abe and Ishimura [1], Ishimura and Seveovie [10] and Kilianova
and Sev&ovi¢ [12,13] for the case of a nontrivial intertemporal utility function. The
transformation is also referred to as the Riccati transformation as it involves the ratio
between the second and the first derivatives of the value function. The transformed
function can be viewed as the absolute risk aversion coefficient of an investor. Sec-
ondly, we generalize the underlying stochastic process to more general processes with
arbitrary drift and volatility functions. Such a general setting can include, in par-
ticular, processes arising in the so-called worst-case portfolio optimization studied
recently by Kilianova and Trnovska [14]. In contrast to the problem involving the ter-
minal utility maximization only (cf. [1,10,12,13]), the resulting transformed equation
is a non-local quasi-linear parabolic equation containing non-local terms involving
the intertemporal utility function. The non-local parabolic equation can be further
transformed into a coupled system of two quasi-linear local parabolic equations. We
analyze these governing equations and show how their solutions are related to solving
the original HIB equation. As a tool for solving the associated terminal and intertem-
poral utility maximization problem, we generalize the numerical method proposed
by Kilianové and Sevovi¢ [12,13] for the case when a non-local term appears in
the quasi-linear parabolic equation. We furthermore derive a-priori lower and upper
bounds of a solution which are given in terms of the risk aversion coefficients of
the terminal and intertemporal utility functions. The main advantage of the Riccati
transformation method is twofold. First, the transformed function has a practical rep-
resentation and meaning as an intertemporal risk aversion of an investor and it is a
globally bounded function even in the case when the utility function is unbounded.
Moreover, there are natural boundary conditions for a solution defined on a truncated
numerical domain. Secondly, the nonlinearity appearing as a diffusion function in the
transformed equation can be computed in a fast and efficient way using modern tools
of conic convex programming.

As a practical application we compute optimal strategies for a portfolio investment
problem motivated by the market financial data from German DAX 30 Index. We com-
pare the optimal portfolio selection strategies for the case of absence of intertemporal
utility maximization to the case when a non-trivial intertemporal utility is considered.
We illustrate the effect of an intertemporal utility function on the optimal portfolio
selection.
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The paper is organized as follows. In the next section we introduce and discuss basic
model assumptions made on the underlying stochastic process. The process of loga-
rithmized portfolio wealth x; at time ¢ is controlled by a vector of weights 8, belonging
to a compact convex subset of R”. A dynamic stochastic optimization problem with
intertemporal utility is formulated in Sect. 3. Following the Bellman optimality prin-
ciple, we present a fully nonlinear backward parabolic equation for the intermediate
value function satisfying a given terminal condition. In Sect. 4 we present the so-called
Riccati transformation of the value function, leading us from the fully nonlinear HIB
equation to a single quasi-linear parabolic equation in the divergent form containing
a non-local term. We furthermore analyze qualitative properties of an auxiliary value
function arising from a parametric convex programming problem. Existence of a clas-
sical Holder smooth solution and its a-priori bounds are also derived in this section.
Section 5 is devoted to a numerical approximation scheme for solving the transformed
quasi-linear parabolic function. The scheme is based on the finite volume approxi-
mation method involving dual finite volumes. We compare the numerical scheme to
the fixed policy iteration method for solving HIB equations as investigated by e.g. by
Huang et al. [8], Reisinger and Witte [28]. Finally, in Sect. 6 we test the accuracy of
the proposed numerical method on an explicit traveling wave example and compute
the experimental order of convergence. We show that the experimental order of con-
vergence is approximately two which indicates the second order of convergence of the
numerical method. Subsequently, we apply the proposed method to optimal portfolio
selection problem and present corresponding results with and without intertemporal
utility maximization.

2 Underlying stochastic process with control

Throughout the paper we will assume that the underlying stochastic process {x;}
satisfies the stochastic differential equation (SDE)

d)C[ :/L()C[,t,at)dt+U(Xt,t,0t)dW[, (1)

where the control process {6;} is adapted to the process {x;}, {W;} is the standard
one-dimensional Wiener process and functions (x, ¢, ) — w(x,,0) and (x, ¢, 6) —
o(x,t, 0)2 are C1'! smoothin x, 7 and @ variable, i.e. their first derivatives are Lipschitz
continuous functions.

Remark 1 The motivation for studying the SDE (1) as an underlying stochastic process
controlled | by 6 arises from the stochastic dynamic optimal portfolio management. Let

= Iny; denote the logarithm of the asset value y; entering a portfolio consisting
of n assets with vector of weights 6. Then dx! = dy! /y! is the return on the asset i.
Suppose that the process of each such a return is driven by

n
dx| = pldt +) " oMdwf
k=1
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where W/ is a one-dimensional Wiener process such that the increments dW; and

dW/ are independent for j # i. The mean return on the increment of the portfolio
0

x? = 31, 6'x" with the vector of weights 0 is u” 6 dr and its variance is equal to
Sl iae1 000t a0 dr.

Following Merton [23,24] we can describe the stochastic process xf by the follow-
ing one-dimensional SDE of the form (1):

dx? = uT0dt + o (0)dW,

where W; is the one-dimensional Wienner process, ()2 = 07%0 and X is the
covariance matrix, X;; = Y j_, okloh/.

Example 1 As an example of the stochastic process (1), one can consider a portfolio
optimization problem with regular cash inflow (e.g. pension planning). In this example,
the volatility function is given by

o(x,1,0)> =0"x0, ()

where X is a positive definite covariance matrix of asset returns. The drift function is
given by

1
wix,t,0)=pn’6 — Eo(x, 1,0 +ee ™ +r, 3)

where u is the vector of mean returns of assets, ¢ is an inflow (¢ > 0)/outflow (¢ < 0)
to/from the portfolio, » > 01is an interest rate of a risk-free bond. The stochastic process

{xto } controlled by {6, } is alogarithmic transformation of the stochastic process { yf }i=0
driven by the stochastic differential equation

dy! = (e + (r + n®)y))dt + o (0)yldW,, )
where é(y, t) = 0(x, t) with x = In y (cf. Kilianova and Seviovic [12]).

Another example stems from the so-called worst-case portfolio optimization prob-
lem investigated by Kilianova and Trnovska [14]. The volatility function is given by

o(x,1,0)> = max 0’ 0,
ekl

where K is an uncertainty convex set of positive definite covariance matrices. Typically,
only a part of the covariance matrix is exactly prescribed while other entries are
not precisely determined. For instance, if only the diagonal d is known, we have
K ={X >0, diag(X) = d}. The drift function is given by

. 1
u(x,t,0) = min M,T0 — —o(x,t, 6’)2 +ee X +r,
nel 2
where £ is a given uncertainty convex set of mean returns.
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3 Dynamic stochastic optimization problem with intertemporal
utility function

Our goal is to extend the model of terminal utility maximization studied previously
in Kilianové and Sev&ovi¢ [12] by including an intertemporal utility function. Max-
imization of dynamic utility has been investigated in vast literature in the past by a
number of methods. In this paper, we assume that the investor has a certain utility ¢
from intertemporal wealth but a different utility # from terminal wealth. We assume
the overall utility to be time-additive. Then we can formulate the problem of dynamic
utility maximization as follows:

T
max [ |:u(x0}) —l—/ c(x?, s)ds|xf§ = xo} ; &)
B10.1) 0

(c.f. [7] where they included consumption as well). Here {xf }1s Itd’s stochastic process
of the form (1) on a finite time horizon [0, T], # : R — R is a given terminal
utility function and x( a given initial state condition of {xf } at t = 0. The function
0 :R x[0,T) — R" maps (x,t) — @(x, ) and it represents an unknown control
function governing the underlying stochastic process {xf}. The function ¢ : R x
[0, T) — R is the intertemporal utility function. In what follows, we will assume
c is a C? smooth function and it is non-decreasing in the x variable. Clearly, one
can add a time discounting factor to both utility functions in (5). We assume that
the control parameter 6 belongs to a closed convex subset A of the compact simplex
S'"={0ecR"|60>0,170 =1} c R*, where1 = (1,..., DT e R".
If we introduce the value function

T
V(x,t):= sup E [u(xg) + / c(x?, s)ds|x? = x] (6)
0lir,1) t
then V(x,T) := u(x). Following Bertsekas [5], the value function V = V(x, 1)
satisfies the fully nonlinear Hamilton—Jacobi—Bellman (HJB) parabolic equation:
1
2V + Iglan (/L(x, t,0)0,V + EU(X’ t, 6’)2 8%V> +c(x,t) =0,
€

Vx,T) = u(x), @)

for (x, 1) € R x [0, T); see also [12] and Kossaczky, Ehrhardt, Giinther [17,18].
As an example of the terminal utility function, one can consider e.g. a constant
absolute risk aversion (CARA) function:
u(x) = —e 4,

with constant absolute risk aversion a = a(x) > 0, where

u//(x)
u'(x)

for x € R.

alx) = —
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We note that a CARA utility function in the variable x corresponds toa CRRA (constant
relative risk aversion) utility function u(y) = —y~% in the variable y = ¢*. In practical
applications, y can stand for a portfolio value and x = In y its log-transform, for which
(1) holds.

Another choice for the utility function u can be a decreasing/increasing absolute risk
aversion (DARA/IARA) function with a(x) decreasing/increasing in the x variable.
Typically, the intertemporal utility function c is a non-decreasing concave discounted
function, i.e.

c(x, 1) = —ke x0T =1 (8)

where «, d > 0 and o is a discounting factor. We note that including a discount factor
e~ into the terminal utility function u does not play any role in the solution, as one
can transfer this constant into the coefficient « of the intertemporal utility function ¢
simply by multiplying (5) by e"”.

4 The Riccati transformation of the HJB equation with intertemporal
utility function

Following the papers by Abe and Ishimura [1], Ishimura and Sevéovi¢ [10] and Kil-
ianova and Sevcovic¢ [12], the Riccati transformation of the value function V can be
introduced as follows:

A2V (x,1)

2 where T =T —t. ©)
AV (x, 1)

px,7) =

Suppose for a moment that the value function V (x, ¢) is increasing in the x-variable.
This is a natural assumption in the case when the terminal utility function u(x) is
increasing itself. Then the HIB Eq. (7) can be rewritten as follows:

oV —a(, )0,V +c=0, V(i T)=u(), (10)

where a(x, T, @) is the value function of the following parametric optimization prob-
lem:

o ¢ > o
a(x,r,w—ggg( u(x,t,0)+20(x,t,0)), t=T-1. (11)

The proof of the following result is a straightforward generalization of [ 12, Theorem
4.1] for amore general drift and volatility functions depending on x and ¢ and therefore
it is omitted.

Theorem 1 Assume that the functions (x,t,0) +— wu(x,t,0) and (x,t,0) —
o(x,t, 0)2 are CY\ smooth in x,t and 0 variables, and such that the objective
function f(x,t,¢,0) = —u(x,t,0) + %U(x, t, 6’)2 is strictly convex in the vari-
able € A for any ¢ € (Qmin, 00) where A C R" is a compact convex set. Then
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the value function o is C! smooth forx € Ryt € [0,T], ¢ € (@min, 00). More-
over, ¢ — a(-, @) is a strictly increasing function. For the derivative of o we have
a x,t,0)=(1/2)o(x, T —r, 0(x 7, 9))* where 0(x T, ¢) € A is the argument of
the minimum of a(x, T, ) with respect to 0.

Example 2 If we consider an example of the decision set A = {f € R2, 01,60, >
0,0 +6, =1}L,n=2,u = [LT0, ol = 0T20, then the value function « has the
form:

A(p—g—i—C, if ¢ > @y,

a(@:{EgoJrD, if o < oy,

where constants A > 0,B > 0,C, D, E > 0, ¢, > 0 depend on the mean return
vector g and covariance matrix X and are such that « is C1 ! continuous function
havmg one point of discontinuity of the second derivative " at ¢,. The minimizer
6 = 0(<p) increases the number of posmve weights when ¢ passes through ¢,. For
n > 2, the number of discontinuities of a(p increases (cf. [12]).

In what follows, we shall denote by o« the total differential of the function
a(x, T, ¢) where ¢ = ¢(x, 7), that is

dea(x, T, 9) = (x, T, 9) + oy, (x, T, 9) drp,

where o), and a(’p are partial derivatives of o with respect to variables x and ¢, respec-
tively.

The relationship between the transformed function ¢ and the value function V is
given by the following theorem.

Theorem 2 Assume that the utility function u(x) and the intertemporal utility function
c(x, t) are C* smooth functions and such that u is increasing and c is non-decreasing in
the x variable. Then an increasing function V (x, t) in the x variable is a solution to the
Hamilton—Jacobi-Bellman Eq. (7) if and only if the transformed function ¢(x, t) =
—8§V(x, 1)/0,V(x,t), t =T — 1, is a solution to the quasi-linear parabolic non-
local PDE:

1 x
_ o) — o _ 5 o 0t
e+ B (e, 9) =@, 9)9) = e e bc), (12)
e(x,0) = —u"(x)/u'(x), (x,7)eRx(0,T), (13)
and
V(x,t) =a(t) + b(1) /X e~ fivmodnge o (14)
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where the functions a(t) and b(t) are solutions to the system of ODEs:

d

Za(t) =yOb) —c(xy, 1), a(T) = u(xy), (15)

%b(r) =w)b(t) — dcc(xy, 1), b(T) = u'(xy). (16)
Here x, € R is a fixed real number, y(t) = a(xy, T, 9(xx, 7)), and w(t) =

O (Xs, T, (X4, T)) — (X4, T, (X4, T))@ (X4, T) wheret =T — 1.

Proof Let V be a solution to the HIB Eq. (7) satisfying the terminal condition
V(x,T) = u(x) and such that 9,V (x,t) > 0 for each (x,7) € R x [0, T). Thus
V solves (10),1i.e. ;V = a(x, T, ¢) 0y V — c where ¢ = —8§V/8XV. Therefore, V is
given by (14) with a(t) = V (x4, t) and b(¢) = 0x V (x4, 1).

Since

o a§a,v+afvaxa,v_ 329,V 8,9,V
T Tz T v v

92V = —d,V, and 33V = —d,(pd, V) = (9* — 9,9)3,V,

it follows from the equation 9;V — (-, )3, V + ¢ = 0 that ¢ satisfies:

1
—dhy = (afa 3 V420,002V 4a 33V +9dad, V+oa afv—aﬁc—wxc)
X
1 2 2 2 2
= 3V 0y 0y V =0y 0y V+a(p”—0,9)0xV—¢ a0,V —0;c—pirc
X
1 2
= e map) m(‘”axc " "’x“)
ol P10dn )
= —0y (0yx —ap) + T((paxc + 8XC>

1 X
= —0y (O — @) + max <efX* w("*”""axc) t=T—r1.

It means that the function ¢ is a solution to the Cauchy problem (12), (13). By
differentiating (10) with respect to x we obtain 0,0,V = 09,(xdyV) — dyc =
3 d,V + ad?V — dyc = (ya — a9)d,V — dyc. Taking x = x, we conclude
0,0V (x4, 1) = w(@)0V (x4, 1) — 0xc(x4,1). As 0,V (x4, T) = U’(x,4) we obtain
b(t) = 0,V (x4, t) is the solution to the ODE (16). Furthermore, as 9,V (x4, t) =
od(Xs, T, 0(X4, T))Ox V (x4, 1) — c(xs, 1) = y(@)b(t) — c(xs, 1), T = T — t, and
V (x4, T) = u(xy) we conclude a(t) = V (x4, t) solves (15), as claimed.

On the other hand, suppose that a function ¢ solves (12), (13) and functions a, b
solve (15),(16). Then V (x, t) given by (14) satisfies —3§V(x, 1)/, V(x,t) = ¢(x, 1),
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T=T—1t,and
Y E pm0)d
Vx,T) :a(T)+b(T)/ e Ju UL g
X
RO
=u(x*>+u’(x*>f i A g _ ().
X

The function b(z) satisfying (16) is a positive function. Indeed, as ¢ is non-
decreasing at x, we have

d T T
E <b([)e_ft w(”)dTl) = —0cc(xg, t)e_ft w(n)dn <0.

Integrating the above inequality over (¢, T) we obtain b(T) — b(t)e_frT omdn <
and so

b(t) > b(T)el @A = 1/ (x)el @dn < ¢,

for any ¢ € [0, T]. Furthermore, as 9,V (x, t) = b(t)e_f;* 9(E.dE (), the function
V(x,t) is increasing in the x variable.
Note that for any & we have

X X
f 9V (s — @) dé = adV — y(1)b(1) +/ —3§Va — 3V agdé
Xx Xx

=wad,V —y@®)b(t).

Moreover, as ¢ solves (12), we have

£
—/ 0r0(n, T)dn = —0sa + agp + w(t)
e
1

&
+b(l) <6/:\’* (p(n’r)dnagc(é’ t) - axC(X*, t)) , t=T —r.

Differentiating (14) with respect to ¢ we obtain

da X db §
a’V(x’”ZE*/ e Jre el (wa 30, r)dn) dg
X

X

da ! — 5 p(.oydn (4
- Xk ’ _— b 8 - _b
dt+/X*e o7 Th@sx —ag) —bo

£
el ‘ﬂ(’?*f)d”asc(s, 1) + 0yc(xs, t)>d$

da x
:E-F/ aSV(agd—a@)d%‘—C(x’[)+c(x*7t)
RS

=ax, 7,0, 1) V(x, 1) —clx,t), t=T—1,
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which means that V (x, t) solves Eq. (10). Since 9,V > 0, the function V solves the
HJB Eq. (7), as claimed. <&

Notice that the system of parabolic-ordinary differential Eqs. (12)—(16) can also be
rewritten as a system of two quasi-linear parabolic equations. Indeed, let us denote

1
¥(x, 1) = %efw‘"f’”dé, =T —1. (17)

Then, by (14) we have ¢ (x, ) = 1/9, V (x, t). With regard to (10) we obtain

d = —l 0,0,V = —l
_’w__@VV*’__@wﬂ(

= -0V +apy+ Plic.

a8V +a 32V — axc)

As 3, = @ ¥, we obtain d,¢ ¥ = 2% — @ ;. Since dya = oe;) v + o, we
conclude that the function v satisfies the following parabolic equation:

—0Y + 00y — (e + @)Y + af i — YPo,c.

The terminal condition ¢ (x, T') can be deduced from the terminal condition V (x, T) =
u(x). Thatis, v satisfies the initial condition ¥ (x, 0) = 1/u’(x). In summary, we have
shown the following theorem:

Theorem 3 Assume that the terminal utility function u(x) and the intertemporal
function c(x, t) are C? smooth functions and such that u is increasing and c is non-
decreasing in the x variable. Then an increasing function V (x, t) in the x variable is a
solution to the Hamilton—Jacobi—Bellman Eq. (7) if and only if the pair (¢, V) of trans-
formed functions ¢(x, t) = —B%V(x, 1)/, V(x,t)and Y(x, 1) = 1/0,V(x,1),t =
T — 1, is a solution to the system of quasi-linear parabolic PDEs:

—0r@ + 0 (Oxa (-, @) — (-, @)@) = 0y (Ydx0), (18)
—0:Y + L 0Y — (@ + )0 + oy — Yo =0, (19)
o(x,0) = —u" () /u'(x), ¥(x,0)=1/u'(x), (x,7) €eRx(0,T), (20)

and the value function V (x, t) is given by (14).

At this point, we would like to emphasize the advantage of the suggested approach.
By defining « as in (11) and subsequently setting up the PDEs in (12) or (18)—(19), one
can compute the function « beforehand and then plug it into the corresponding PDEs as
a known function. In this way, we do not have to deal with the maximization operator
from (7) in each x and ¢ separately which significantly simplifies the computation
process.

Next we derive a-priori bounds on a solution ¢ (x, ) of (12). We will use parabolic
comparison principle (cf. [27]). To this end, we need to restrict the form of the value
function « and utility functions u, ¢ by the following assumptions:
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Al. The value function «(x, 7, @) is separable in the following sense:

alx, 7,9) = alp) + ao(x, 7),

where @ isa C*! smooth strictly increasing function with a bounded and Lipschitz
continuous derivative for ¢ € (¢min, 00) and «g is a C2 smooth functioninx € R
and t € [0, T'] variables.

A2. There exist constants ¢, ¢ € R such that ¢,,;, < ¢ < 0 < @, and the functions
ap and ¢ satisfy the estimates: B

Oao(x, T) — Poxarn(x, 7) <0 < dforg(x, T) — pdrap(x, 7).

Poxc(x, 1) = —07e(x, 1) = pdsc(x, 1), dye(x,) 20, 1 =T -1,

forany x e Rand 7 € [0, T].

Example 3 If a(x, 7, ¢) = a(p) — e(t)e™™™ — r(r) with ¢ > 0 is the value function
introduced in Sect. 2 then « is defined on [—1, 00) and «g(x, T) = —e(t)e ™ — r(7)
satisfies the assumption (A2) with ¢ = —1 and any ¢ > 0.

The intertemporal utility function ¢ of the form c(x, 1) = —ke~ =0T~ ywith
k,d > 0 satisfies (A2) if ¢ > d.

Theorem 4 Assume that the utility function u(x) is a C* smooth strictly increasing
Sfunction for x € R. Assume that the value function a and intertemporal utility function
c satisfy Assumption (A) with constants ¢ < 0 < .

If the utility function u satisfies the inequalities ¢ < ¢(x,0) = —u"(x)/u'(x) <@
for any x € R, then, for the bounded solution ¢ to (12) we have a-priori estimate:
¢ <px,t)<gforanyt €[0,T)andx € R.

Proof Let ¥ (x,7) bea C? smooth nonnegative function, ¥ (x, ) > 0. Let us define
the parabolic operator:

L(9) = =00 + 0y (0ca(-, ¢) —a(-, 9)p) — @Y dcC.

Since a(x, 7, ¢) = a(p) + ag(x, T), we have L(¢) = 8%010 — @iy — @ Y dxc for
any constant function ¢ € R. Thus, for constant functions ¢, ® and nondecreasing
function ¢, and ¢ satisfying assumption (A2) we have

L(p) = —pYdsc = Ydjc > —gyrdce = L(@).

¥ pE s
Now let ¢ be a solution to (12). Then L(¢) = wafc where ¥ (x, T) = ij(;—_r) >0

Note the fact that 0,y = ¢ . Hence the bounded solution ¢ satisfies the following
inequalities: L(¢) > L(¢) > L(@).

If the initial condition satisfies the inequalities ¢ < ¢(x, 0) = —u” (x)/u'(x) <@
for any x € R then, applying the parabolic comparison principle (cf. [27]), we obtain
that the bounded solution ¢ to (12) satisfies the inequalities ¢ < ¢(x, ) < @ for any
t € [0, T]and x € R, as claimed. N <>
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508 S. Kilianova, D. Sev¢ovi¢

By H*™(£2),0 < A < 1, we denote the Banach space consisting of all uniformly
continuous functions ¢ on Q = [x1, xg] whose k-th derivative is uniformly A-Holder
¢ = Suby yeq iy 1950(X) = k@ (1)1/1x —
y|* is finite. Let Q7 = Q x (0, T) be a bounded cylinder. Following Ladyzhenskaya
et al. [20] we introduce the parabolic Holder space H2**T4*+%/2(Q1) consisting of
all continuous functions ¢ : Q7 — R such that functions a§<p, 83"(/) are A-Holder
continuous in the x-variable and A /2-Holder continuous in the t-variable.

continuous, i.e. the Holder semi-norm (¢)

Theorem 5 Let Q@ = (x1, xg) be a bounded interval. Assume a(x, T, @) is C% smooth
inthet € [0, T] and x € Q variables, C"-' smooth in the ¢ variable, and such that
0 <ol <ay(x,7,9) <d} <ocoforanyx € 2,7t €[0,T], and ¢ > Qmin. Assume
c € H¥ M 1HX2(Qp) for some 0 < A < 1/2, and ¢(x, t) is a non-decreasing function
in the x variable.

If the initial conditions ¢(-,0), ¥ (-,0) € H2T*(Q), then there exists a classical
solution (¢, V) to the system of quasi-linear parabolic Egs. (18)—(20) satisfying pre-
scribed Dirichlet boundary conditions at xp, xg. Moreover, n, ¥ € H2+A’1+’\/2(QT)
where n(x, 1) = a(x, T, ¢(x, 7)). The function T +— 9. ¢(x, T) is »/2-Holder contin-
uous for all x € R whereas x + 0y (x, T) is Lipschitz continuous for all T € [0, T].

Proof The proof is analogous to that of [12, Theorem 5.3] where we proved existence
of Holder smooth solutions in the case when ¢ = 0. The methodology of the proof is
based on the Schauder type of estimates (c.f. [20]).

Since the diffusion function o need not be C>** smooth in the ¢ variable we
first rewrite the system (18)—(20) using the auxiliary function n = «(-, ¢). Then
¢ = B(-,n) where B is the inverse function to the strictly increasing function «,
ie. ¢ = B(, a(., 9)). Moreover, B = 1/ay, and d:¢ = B,3-n + B;. Then system
(18)—(20) can be rewritten in the form:

3 ® =8, MI>® + F(-, ®), ®(x,0) = Dy, 1)
where & = (1, %), 8(.n) = a,(-. B¢, ) = 1/B, (-, n), and
F(., ®) = (=3[0 (1B) + dx (Y dx0) + B;1, —(B/By + mdxt + oyt — ¥dyc).

Note that there are constants o, such that 0 < o’ < § < o/, < oo. Applyinga C>+*
regularization of the function n +— §(-, n) and following the proof of [12, Theorem
5.3] and the result on existence of classical solutions to the regularized equation (c.f.
[20, Ch. V, pp. 495-496]) we conclude existence of a weak solution & € W22 ’1(QT)
of (21) satisfying the prescribed Dirichlet boundary and initial conditions. Recall that
the parabolic Sobolev space W22 ! (Qr) consists of all square integrable functions ® €
L>(Q7) such that o, P, chl), 0: D € Lo(Qr). The space WZZ’I(QT) is continuously
embedded into the Holder space H**/2(Q7r) for 0 < A < 1/2 (c.f. [20]). The rest of
the proof is based on a simple bootstrap argument. A weak solution & € W22 o1 (Or)
is a solution to the linear equation:

0@ =5(x, 1) P + Bi(x, 13, P + Bo(x, )P, (x,0) = Do(x), (22)
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where the diffusion coefficient §(-) = §(., n(-)), and 2 x 2 matrices Bi, By belong to
H**?(Q7) because n, v € H**2(Qr) and § is a Lipschitz continuous function.
According to [20, Theorem 12.2, Chapter I1I] we have (17, ) = ® € H>T+1+2/2(Qr)
where n = a(-, ¢). The proof of theorem now follows. m|

5 Numerical approximation scheme

A numerical scheme that we propose for solving quasi-linear parabolic Eq. (12) is
based on a semi-implicit in time approximation method. Spatial discretization is based
on a finite volume approximation scheme (cf. LeVeque [21]) combined with a nonlinear
equation iterative solver method proposed by Mikula and Kaitik [19]. This methodol-
ogy for solving the transformed HJB equation was proposed and analyzed in [12] and
[13] for the case of absence of an intertemporal utility function, i.e. ¢ = 0. In such a
case, analysis of the experimental order of convergence suggested the second order of
convergence with respect to the spatial discretization step (see [12,19]).

Equation (12) belongs to a wide class of quasi-linear parabolic equations of the
general form:

drp = 07 A(x, T, 90) + 0 B(x, T, 9) + C(x, 7, 9), (23)

satisfying the initial condition ¢(x,0) = —u”(x)/u’(x) where x € R,z € (0, T).
Here A(x, 7, 9) = a(x,1,9), B(x,7,¢)=—alx, 1, @), and

PUARICRILY

Clx,t,90) = —m<¢(x, T)oyc(x, T — 1) + 8fc(x, T — ‘L’)).

5.1 A semi implicit time-space discretization of the transformed non-local
parabolic equation

Since the original spatial domain for the x variable is unbounded, we first truncate it into
a bounded computational domain [x7,, xg] and we use uniform spatial discretization
mesh points x; = x; +ihfori =0,...,n+ 1 where h = (xg —xr)/(n + 1). Thus
xo = xr and x,,11 = xg. Following the idea of dual finite volumes (cf. [21]), the inner
mesh points x;, i = 1, ..., n, are the centers of dual finite volumes (x;_ 1 X, 1 ). In
what follows, the dual volumes will be denoted by (x;—, x;+),1.e. xj+ = xii% . Clearly,
h = x;4+ —x;_. The time discretization levels are set to ) = jk, j=0,...,m,where
k = T/m and m is the number of time discretization steps. If we integrate Eq. (12)
over dual finite volumes, apply the midpoint rule on the left-hand side integral and
approximate the time derivative by the Euler forward finite difference, we arrive at the
following system of equations:

. k .
A R e N A O (24)

@ Springer



510 S. Kilianova, D. Sev¢ovi¢

where

Xi4 .
I = / 0 (A + B)dx = [A} + Al 0,9 + B]ﬁ;ﬁ;j , (25)
Xi

and the integral [’ ; ™ Cdx over the interval (x;_, x;4) is approximated by means of
the mid-point rule integration, that is

oJus (11N

Xi+
Ji = / Cdx ~ —h———
S b(T — 1)

(gﬂiaxc(xi, T —1)+d82c(x, T — r)> . (26)

Let us denote

and approximate the derivatives d, ¢ at dual mesh points x; + by the central differences:

J J
Yit1 — ¥

h

J J
Y — i1

’ ax(pllj_ ~ h

VP
ax§0|i+ ~

Letus fix a point x, = x;, for some spatial index i.. As for the integral | xt o(n, t)dn

appearing in the non-local term J; at time layer j (denoted as Jij ) we use the trapezoidal
integration rule:

Xi i . .
/ ¢/ (n, v)dn ~ &} —
X

where Cblj = %((pj (x1)+2¢7 (x1)+- - -+2¢7 (x;_1)+¢/ (x;)), which can be efficiently
calculated recursively as follows:
ik j
o = 5((/) (xL) + ¢/ (x1)),

c1>-l.’+1=c1>{+§(¢f(xi)+<pf(xi+1)) fori=1,...,n—1.

Hence

J J

. <I)i _d)i*
J = —h .
1 b]

((pl.jaxc(xi, T —t/)+dkc(x;, T — Tj))- 27

Here b/ is a discrete explicit/implicit Euler approximation of the solution b(T — t/)
to the ODE (16): —db/dt = wb — dxc(x4, T — 1), i.e.

b = (1 — ko) )b/ + kdee(xe, T —17), b° =u'(xy), j=0,...,m—1,(28)
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when treated explicitly, or

b= 0 ke T~ T, B =), =1 29
[ kas 0 Hhosclx T =), W) j=1....m (29)

when treated implicitly. Here o/ = o (T — t/) = (3ya — a@)|x—y, can be approxi-
mated by

J P/
j)¢i*+1 @i —1

VAN
i 2 —Ol(x*,fj,@i*)(/)i*

L . ) :
o = o, T @) Fay (s T e
J J
j Pi1 ~ Yi1
J It  The

= E|. + D} ==+ FL.

To compute a solution at the new time layer /"1, we take the terms D!, , E/,, F/,
from the previous time layer 7/ and the terms 8x(p|{;_l from the new layer 7/,

Rearranging the new-layer terms to the left-hand side and the old-layer terms to the
right-hand side, we obtain a tridiagonal system of linear algebraic equations:

ki i+ ko j i1k i
~ aaDhelil 4 (14 0L+ DL Yol — DLl

ki i j j j j
=2/ + Bl —E_ +F, - F)+¢l (30)

which can be efficiently and fastly solved by the Thomas algorithm.

We assume Neumann boundary conditions at the boundaries xy,, xg. More precisely,
oxp(x,7) = Oatx = xp,xpg, for all T € (0, T]. The boundary conditions can be
deduced from the asymptotic behavior of Eq. (12) for x — Fo00. After discretization,
these boundary conditions attain the form:

=0l @i =0
5.2 Comparison with policy iteration method for solving HJB equations

In this section we discuss comparison of the numerical approximation scheme (30)
and the fixed policy iteration method for solving HIB equation investigated by Huang
et al. [8] and Reisinger and Witte [28].

Denote V/ = V(-,T — t/), ¢/ = ¢(-, T — /). Then the time implicit time dis-
cretization of the HIB Eq. (7) can be written as follows:

vi_—yi-l

1 . .
+ max ( (-, 0)0,V/ 4+ o (-,0)?02V/ |+ ¢/ =0, VO=u,
k feA 2

€1y
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for j =1,...,m. Thatis,

vi—yi-l1 . | . . .
- (—u(-, 070 V/ + So(, 01>28§vf) +c=0, (32
where
) | .
6/ = arg min (—u(-, 0)d,V/ — —o (., 0)2a§vf) ) (33)
[N 2

The fixed policy iteration method consists of replacing 6/ by 6/~ in (32) and solving
a linear equation for V/, i.e.

v —vyi-l . | . . .
- <—M(-,of—1)axvf — 50(.,01—1)233‘//) +cl =o0.

Since
j—1 1 j—1\2421/j
—u( 070 VI — S0 (L 07TV
) 1 . . )
= (—u(, 007 + oG, 071203, VI
. 1 . .
= (—u( 077 4 o (077!
1 . . ) .
+50(, A e (7 A A

= @G o' ) a0 TN — TNV,

the fixed policy iteration method for solving HIB Eq. (10) corresponds to the numerical
solution of the transformed Eq. (12) by means of the semi-implicit scheme (30) in

which « is approximated by its linearization at ¢/~! from the previous time step
j—1
/7

Remark 2 The main advantage of our method is twofold. First, we work with a trans-
formed function ¢ representing risk aversion of the investor. The boundary conditions
for a truncated domain can be set up in a natural way, e.g. homogeneous Neumann
boundary conditions. For the original problem formulated in terms of the intertemporal
value function V, one can expect unbounded exponential like solution and numeri-
cal problems when working small and large values of V and treatment of boundary
conditions for V.

Secondly, the advantage consists of the possibility of evaluation of the value function
o in a fast and efficient way instead of computation of 7 in (33). This might be
useful when treating problems involving convex conic programming, e.g. worst-case
portfolio selection problem, for which one can use efficient tools for solving convex
conic programming optimization problems (cf. [14]).
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6 Computational results and conclusions
6.1 Numerical benchmark to a traveling wave solution

Suppose that the value function « depends only on the ¢ variable (e.g. we set ¢ = 0,
r = 01in (2)-(3)) and the intertemporal utility function is given as follows:

ctx, 1) = W(x —o(T —1)), where W(&) = (—v + a(—u"(§)/u'(£))) u(€).

Note that c(x, T — 1) = W(x — vt). Here v € R is a given constant traveling wave
speed. Then the function V (x, 1) = u(x — v(T — t)) satisfies the equation:

9V (x.1) — (—3§V(x, /0. V (x, t)) 3,V (x, 1)

=—(—v+a(u"&x+v(T =) /u'(x =T =) u'(x —v(T —1))
=—-Wux—-v(T —1t) = —c(x,1),

i.e. V(x,t) is a solution to the HIB Eq. (10) and V (x, T) = u(x). Hence the function
e, 1) = —u"(x —v1)/u'(x —v7) (34)

is a traveling wave solution to (12) satisfying the initial condition ¢(x,0) =
—u" (x)/u’(x). The explicit solution of the form (34) can be used to test our numer-
ical approximation scheme. As a testing example one can consider utility and value
functions of the form:

u(x) = arctan(x), a(p)=¢ —1/(p + 2).

Then u represents a convex-concave utility function with variable absolute risk aver-
sion a(x) given by

u” (x) 2x
a(x) =T = T 2
u'(x) 1+ x
Ifwesetc(x,t) = W(x—v(T —t)) thenp(x, 1) = a(x —vt) = —u” (x —v7) /u'(x —
vT) is a solution to (12) satisfying the initial condition ¢(x, 0) = a(x) = 2x/(1 +x2).
Consequently, V(x, ) = u(x — v(T — 1)) is the traveling wave solution to the HIB
Eq. (10). The traveling wave solution ¢ is depicted in Fig. 1 (left) for times 7/ =
jT/10,j = 0,...,10, where T = 1 and v = 5. As for a numerical solution, we
considered the truncated computational domain [x7,, xg] = [—20, 20] and Dirichlet
boundary conditions ¢(xr, t) = a(xy — v1), ¢(xg, 7) = a(xg —vt),forallt > 0,
which coincide with exact values of the explicit solution.

Let @..pi be the explicit traveling wave solution and ¢;,,;; be the numerical solution
constructed by means of our approximation scheme presented in Sect. 5. The L, and
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Traveling wave solution x 107 Difference of solutions

2

: 1

ES

|

% 0

S
-1

| -2
-20 -10 0 10 20 -20 10 20

Fig.1 (Left) A graph of the traveling wave solution ¢ (x, ) and (right) graph of the difference between the
explicit and numerical solution for times ¢ = j7/10, j =0, ..., 10, and parameters T = 1,v =5,h =
0.01

Lo discrete norms are defined as follows:

_ 2 _ .
wmr-hzypnw%—mymu

1

and the error between solutions as

erroroo, p(h) = @expt — Prumll Loy (0.T):L )

= max |@expi (1) = Guum (- ))llL,, p =2, 00.
T

We consider the following relation between spatial and time discretization steps: k =
h?. Supposing error(h) = O (h%), estimation of the order parameter § can be obtained
by means of the experimental order of convergence (or convergence ratio). It can be
defined with respect to the norm of the space Loo((0, T') : La(xr, xg)) as follows:

. In(error(hjy1)/error(hj))

EOC; = =1
In(hjt1/h;)

where iy > hy > --- > hy. The results of computation of EOCs are summarized in
Table 1.

The numerical results indicate the second order of convergence of the proposed
numerical method. This is in accordance with the earlier result of the authors in [12]
where we showed the same order of experimental convergence for the special case
when ¢ = 0.

An example of the difference of explicit and numerical solution @expi — @uum 1s
depicted in Fig. 1 (right). We can observe that the error is largest where the function
@ 1s steep.
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Table1 The Loo((0, T) : Ly(xz, xg)) and Loo((0, T) : Loo(xz, xg)) norm of the error of the numerical
solution with the spatial step # and time step k = /4~ and the exact traveling wave solution

h Loo((0. T) : Ly)-err EOC,_;» Loo((0, T) : Loo))-err EOC,_;»
0.05 1.1886e—01 - 5.8577e—02 -

0.025 3.2102¢—02 1.8885 1.5919e—02 1.8796
0.0125 8.1969e—03 1.9695 4.0718e—03 1.9670
0.01 5.2598¢—03 1.9882 2.6133e—03 1.9874
0.005 1.3196e—03 1.9949 0.6558¢—03 1.9945

Corresponding experimental orders of convergence

6.2 Dynamic portfolio optimization example

Now we illustrate the solution of the proposed scheme on an example of dynamic port-
folio optimization. Following Kilianovd and Sevéovic [12,13], we consider a stochastic
dynamic portfolio optimization problem for a portfolio consisting of 30 stocks form-
ing the German DAX30 stock index from August 2010 to April 2012. We chose the
same data set as in [12,13] for the purpose of comparison. As for the drift and volatility
function, we will assume their form:

1
wix,t,0)=pn’6 — EaTzo +ee™, and o(x,1,0)> =67%0,

where X is a positive definite covariance matrix. The function @ (x, 7, ¢) can be rewrit-
ten as follows: a(x, 7, 9) = a(p) — ce™ ™, where @ is the value function of the
parametric quadratic optimization problem

1
&(¢) = min (—[LTO n ﬂﬂzo) . (35)
fecA 2

A graphical example of the function & in which g and ¥ were obtained from the
DAX30 data set is depicted in Fig. 2. We can observe jumps in the graph of the second
derivative of «. Indeed, according to Theorem 1, the function « is C L1 continuous
only. Furthermore, jumps in «” correspond to the points ¢ where the set of indices
{i : ; > 0} with positive weights is enlarged by a new index (cf. [12,13]).

As for the utility functions, we use

ux) = —e

for the terminal utility and
c(x, 1) = —ke @¥—0T=0
for the intertemporal utility.

Utility functions parameters used in our example are: a = 9,k = 1,d € {0, 8, 11},
o = 0.Parameters corresponding to model data are: ¢ = 1. Parameters of the numerical

@ Springer



516 S. Kilianova, D. Sev¢ovi¢

a(p) o"(p)
0.2 1
0 oM
_1 L
-0.2
_2 L
-0.4
_3 L
-0.6 4l
-0.8 -5
-1 : : : : : -6 : ‘ : : ‘
-1 0 1 2 3 4 5 -1 0 1 2 3 4 5
%] P

Fig.2 A graph of the value function & and its second derivative &” (¢) for a portfolio consisting of DAX30
stocks. Source: Kilianové and Seveovic [12,13]

scheme are: h = 0.01, k = 0.5h2, xp = —4,xp = 8, x4 = x300 = —2.01,i, =
200. Note that the solution does not depend on x, so one can choose arbitrary x,.
Nevertheless, a suitable choice of x. is very important in order to stabilize numerical
computation. The free parameter x, enters integral term in (12) as well as the ODE
for b, i.e. (16). We calculate the function « for ¢ € (—1, 15) with a fine division step
hy = 0.05. The investment period is T = 1.

Figure 3 presents numerical results for d = 0 (the case of a trivial intertemporal
function ¢ = 0), d = 8 and d = 11. The main difference we can observe is that
while for the problem without intertemporal utility function we obtain a solution
@(x, t) which is increasing on the interval [x7, xg], in problems with a nontrivial
intertemporal utility function the solution ¢(x, t) turns out to be non-monotone in x.
It eventually becomes increasing in the x variable when 7 is approaching the maturity
T. Furthermore, the range of values of ¢ is a smaller interval when compared to the
case without intertemporal utility function. This has a practical consequence: as ¢ has
a small variation in the x variable for d ~ a, so does the vector of optimal weights 6
(see Fig. 3, right column). Notice that in the case when ¢ = 0, ¢ = 0 there is a constant
solution ¢(x, t) = ¢(x, 0) = a to (12) corresponding to the so-called Merton solution
to the optimal portfolio selection problem (cf. [24]). Note that the solution ¢ satisfies
a-priori estimates derived in Theorem 4.

In summary, there is a non-trivial effect on optimal portfolio selection when con-
sidering a non-trival intertemporal utility function c(x, #) which has a similar behavior
as the terminal utility function u (x). We furthermore showed that the optimal solution
¢(x, 7) to the transformed HJB Eq. (12) need not be monotonically increasing. In
terms of the optimal portfolio selection vector @, the optimal weight theta; for some
of the stocks entering the active set can attain local minimum with respect to the x
variable. Such a behavior cannot be observed in models without intertemporal utility
and non-trivial portfolio inflow & > 0 investigated in the recent papers [12,13].

As far as numerical aspects of the Riccati transformation method are concerned, we
showed that using this transformation enables to solve a quasi-linear parabolic equation
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Solution ¢(z,7) Optimal 0(z,7) at 7 =T
1
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© I
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Solution ¢(z,7) ] Optimal 0(z,7) at 7 =T
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9 0.8
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Solution ¢(z,7) ] Optimal 0(z,7) at 7 =T
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0 2 4
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Fig. 3 A solution ¢(x, t) at time instances j7/10, j = 0,...,10, T = 1, h = 0.01, k = 0.5h2 and
optimal portfolio weights @(x, 7 = T') for d = 0 (top left). The constant blue line is the initial condition,
then solutions ¢(x, 7/) move from left (green curve) to right for increasing /. Top right plot depicts
dependence of active portfolio weights §; > 0 at t = T. Next rows correspond to d = 8 (middle) and

d = 11 (bottom)

by means of modern numerical methods based on finite volume approximation in a
more efficient way when compared to traditional numerical methods based on the
fixed policy iteration method or other explicit numerical approximation approaches

the original HJB equation.
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