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* Convex sets
® QOperations preserving convexity
® Separation of convex sets
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linear combination vector subspace
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Examples of convex sets

empty set
point

vector space
line

halfline (ray)
line segent

halfspace

0

{ro+av|aeR}, v#0
{ro+av|a>0}, v#0
{rog+av|ae|0,1]}, v#0

{z]|alz <b}
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hyperplane
polyhedral set

unit simplex
probability simplex
ball

ellipsoid

{z|alz =0}
{r|ajz<bj,j=1,...,m}
{e=20] > = <1}
{20] >z =1}
Be,r) =1z | |z —c| <7}

Ele,P)={z | (z—c)IP Yz —-c) <1}
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Elipsoid
Elc,P)={z|(z—c)TP%(x—c) <1}

°* P=0, P=QAQT, A=diag(\1,...,\,)
® ); - lenghts of the semiaxes of the ellipsoid
°* &(e,rl) =Ble,r)

* Different representation: £(c, P) = {c+ Au | ||u||2 < 1},
P? = AAT
* Ble,r) ={ctrulllulls <1}

A2
Al
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norm cone Knorm = {(z,t) € R*"™1 | ||z|| < ¢}
second order cone Ko ={(z,t) e R*" ™ | ||z|]2 < t}

positive semidefinite matrices St = {X € §™ | 21 Xz > 0Vz}
Sn — {X c Ran’X :XT}
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Operations preserving convexity

® intersection S1 NSy,

acA

Sa

sum S; + Ss :{331 + I9 ‘ x1 € S1,x9 € SQ}

cartsian product S1 X Sy = {(%1,332) | xr1 € 51,332 c SQ}

affine transformation f : R» — R™, f(z)

Az + b

f8)={f(x) [z €9} f1(S)={z]|f(z) €S}

perspective P : R x R, —» R”

P(z,t) = %

linear fractional function f : R® — R™

flz) =

Az +b
cTo+4+d

D(f)={z|clz+d> 0}
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Separation of convex sets

Lemma 1. Assume C' C R"” is nonempty, convex and closed set. Then
Va € C there exists an unique vector

Pc(z) = argmin ||z —
c(z) = argmin ||z — z|/;

and
(y — Po(x))! (z — Po(z)) <0, Yy € C.

The vector Po(x) is called projection of the vector x onto the set C.

i Vg
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Supporting hyprplane theorem

Theorem 1. Assume C # () is a convex set and zg ¢ int(C). Then there
exists a vector v # 0 such that

vlize >ovlz, VzeCl.

— p. 10
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Separating hyperplane theorem

Theorem 2. Assume () # A, ) # B are convex sets, AN B = (. Then
there exists a vector v # 0 such that the followin implication holds:

rcA yeB = vliz<vly.

Analogously: there exists a vector v # 0 and a constant v € R such
that
vle <~, Ve A, vy >~, Yy € B.

€l05

Inseparable sets Senarable sets

— p. 11
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Separating hyperplane theorem - strict separation

Theorem 3. Assume C' # () is a convex and closed set and zy ¢ C.
Then there exists a vector v £ 0 and a constant v € R such that

vlzy < 7, vlz >~ VzeC.

Separating hyperplane theorem - strict separation

Theorem 4. Assume () # A, () # B are closed, convex sets, B is
bounded and AN B = (). Then there exists a vector v # 0 and a
constant v € R such that

vlix >n~, Vo e A, vly < v, Yy € B.

— p. 12
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X2

x1

2 convex and closed sets are not necessarily separable
°* C1 ={(z1,22) | z172 > 1}
* Cy={(x1,22) | 1 > 0,29 <0}

—p. 13
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Theorem 5. Assume C' is a convex cone and zg ¢ C. Then there exists
a vector v # 0 such that

vlzy <0, vlz >0, VzeC.

— p. 14
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